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differentials of order n, which is first order by each variable λj . The dimension of D
⊗n
λ(1:n)

is d
1[n]
1:n =Qn

j=1 dj . Now the definition of the n
th order cumulant of vectors X(1:n) is

(1.1) Cumn

¡
X(1:n)

¢
= (−i)nD⊗nλ(1:n)φX(1:n)

¡
Vecλ(1:n)

¢¯̄̄
λ(1:n)=0

.

Therefore Cumn

¡
X(1:n)

¢
is a vector of dimension d

1[n]
1:n having all possible cumulants of entries of vectors

X1,X2, . . . ,Xn by the order defined by the Kronecker product. In general we obtain by (1.1)

Cum1(Xt) = EXt,

and

(1.2) Cum2(Xs,Xt) = E [(Xs − EXs)⊗ (Xt − EXt)] = VecCov(Xt,Xs),

where Cov(Xt,Xs) denotes the covariance matrix of the vectors Xt and Xs.
The basic properties of the Kronecker cumulants are listed in [15]. Here we give an example of the

use of K—cumulants for expressing the cumulant of products in terms of products of cumulants.

Example 1. Let EXi = EY i = 0, i = 1, 2, 3 and all the random variables be d dimensional. Consider
the second order cumulant for the product

Cum2 (X1 ⊗X2 ⊗X3, Y 1 ⊗ Y 2 ⊗ Y 3) = Cum6 (X1,X2,X3, Y 1, Y 2, Y 3)

+
3X

l=1,k=1

K−1
p1l,k

¡
d[6]
¢
Cum2 (Xl, Y k)⊗ Cum4

¡
X l+1,X l+2, Y k+1, Y k+2

¢
+

3X
l=1,k=1

K−1
p2l,k

¡
d[6]
¢
Cum3

¡
X l,Xl+1, Y k

¢⊗ Cum3 ¡X l+2, Y k+1, Y k+2

¢
+

3X
k=1

K−1
p4k

¡
d[6]
¢
Cum4 (X1,X2,X3, Y k)⊗ Cum2

¡
Y k+1, Y k+2

¢
+

3X
l=1

K−1
p5k

¡
d[6]
¢
Cum2

¡
X l,X l+1

¢⊗ Cum4 ¡X l+2, Y 1, Y 2, Y 3

¢
+

3X
l=1,k=1

K−1
p3l,k

¡
d[6]
¢
Cum2

¡
X l,Xl+1

¢⊗ Cum2 ¡X l+2, Y k

¢⊗ Cum2 ¡Y k+1, Y k+2

¢
+

3X
k=1

K−1p6q
¡
d[6]
¢
Cum2 (X1, Y k)⊗ Cum2

¡
X2, Y k+1

¢⊗ Cum2 ¡X3, Y k+2

¢
,

where all indices are considered by mod3 if they are greater then 3. The commutation matrix Kp(1:n)

¡
d(1:n)

¢
is defined by (A.1) and the permutations are given as

p1l,k (1 : 6) = (l, k + 3, l + 1, l + 2, k + 4, k + 5),(1.3)

p2l,k (1 : 6) = (l, l + 1, k + 3, l + 2, k + 4, k + 5),

p3l,k (1 : 6) = (l, l + 1, l + 2, k + 3, k + 4, k + 5),

p4k (1 : 6) = (1, 2, 3, k + 3, k + 4, k + 5),

p5k (1 : 6) = (l, l + 1, l + 2, 4, 5, 6),

p6q (1 : 6) = (1, 3 + q (1) , 2, 3 + q (2) , 3, 3 + q (3)), q ∈ P3.
1.2. Stationary processes and spectra.
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NON-GAUSSIAN MULTIPLE TIME SERIES 3

1.2.1. Kronecker Spectra. If a strictly stationary process Xt has third order moments, then not only
the covariances Cum2(Xt+s,Xt) = c(s) are invariant with respect to the time-shift but the third order
cumulants Cum3(Xt+r,Xt+s,Xt) = c3(r, s) as well.

Definition 1. A stationary process Xt will be called stationary of k
th order if all the cumulants exist

up to kth order and are invariant with respect to the time shift, i.e., for all t ∈ T, m = 1, 2, . . . k, and
t(1:m), tj ∈ T,

Cumm

¡
Xt1[m]+t(1:m)

¢
= Cumm

¡
Xt(1:m)

¢
.

In particular the expectation is constant and the covariance depends only on the modulus of the
difference of the time points

Cum2
¡
Xt+s,Xt

¢
=
¡
δs≥0I + δs<0K

−1
p2→1

¡
d[2]
¢¢
Cum2

³
X |s|,X0

´
.

Notice the difference between the covariance matrix Cov and cumulant vector Cum2, i.e.

(1.4) Cum2
¡
Xt+s,Xt

¢
= Vec

£
Cov(Xt+s,Xt)

0¤ = Vec £Cov(Xt,Xt+s)
¤
.

Assumption 1. Besides the stationarity of kth order, we shall assume in the sequel that EXt = 0 and

(1.5)
∞X

tj = −∞
j = 1, 2, . . . k − 1

°°Cumk

¡
Xt(1:k−1) ,X0

¢°° <∞,

where k·k denotes the Euclidean norm of a vector.

Assumption (1.5) implies that the Fourier transform of the cumulants exists, it is bounded and
uniformly continuous. It will be convenient to use the notations z = ei2πω, zj = ei2πωj such that
z
−t(1:k)
(1:k) = e−i2π

P
tjωj .

Definition 2. When it exists the Fourier transform

(1.6) Sk
¡
ω(1:k−1)

¢
=

∞X
tj = −∞

j = 1, 2, . . . k − 1

Cumk

¡
Xt(1:k−1) ,X0

¢
z
−t(1:k−1)
(1:k−1) ,

of the cumulant of a kth order stationary process Xt is called a k
th order Kronecker cumulant spectrum

(or simply just a kth order spectrum).

Let us denote the usual matrix valued spectrum by S
2
(ω) it is the Fourier transform of the covariance

matrices C(s) = Cov(Xt+s,Xt), i.e.

S
2
(ω) =

∞X
s=−∞

C(s)zs,

therefore using formula (1.4) we obtain Vec
³
S
2
(ω)0

´
= S2 (ω).

Consider a linear filter of the form

(1.7) Y t =
∞X

m=−∞
AmXt−m,

such that along with the process Xt the process Y t is k
th order stationary also. When it exists define

the transfer function of this linear operator by

A (z) =
∞X

m=−∞
Amz

−m,

then the spectrum S2,Y of Y t is given by

S2,Y (z) =
£
A (z)⊗A

¡
z−1

¢¤
S2,X (z) .
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4 GYÖRGY TERDIK

This formula corresponds to the matrix valued case, see Brillinger[3],

S
2,Y
(z) = A (z)S

2,X
(z)A∗ (z) ,

where ∗ denotes the conjugate and transpose. In particular, when Xt is i.i.d. then all spectra of the
process Xt are constant and they are Cumk

¡
X0[k]

¢
, 0[k] = (0, 0, ..., 0). So the kth order spectrum of a

linear process has the form

(1.8) Sk,Y
¡
z(1:k−1)

¢
=
hY⊗

m=1:k
A (zm)

i
Cumk

¡
X0[k]

¢
.

where zk = exp (−2πi
Pk−1

j=1 ωj). We consider the third order spectrum S3 called bispectrum as well.
The bispectrum is generally complex valued. It has the following properties of symmetry,

S3
¡
z(1:2)

¢
= S3

¡
z−11 , z−12

¢
= S3 (z1 + k, z2 + j) = K−1p2→1

¡
d[3]
¢
S3 (z2, z1)(1.9)

= K−1p3→2

¡
d[3]
¢
S3 (z1, z3) = K−1p3,1,2

¡
d[3]
¢
S3 (z3, z1)

= K−1p3,2,1
¡
d[3]
¢
S3 (z3, z2) = K−1p2,3,1

¡
d[3]
¢
S3 (z2, z3) ,

where k, j = 1, 2, . . . , and z3 = (z1z2)
−1. These equations imply that there are twelve triangles of

frequencies in the plane, each of which can be considered as the basic domain for the bispectrum, for
scalar valued case see Brillinger and Rosenblatt[4], and Subba Rao and Gabr[12]. It is completely
specified over the entire plane if it is determined over any one of the twelve triangles. We take the
triangle with vertices (0, 0) , (1/2, 0) , (1/3, 1/3) as the basic domain for the bispectrum.

2. Gaussian estimation for non—Gaussian time series

We consider the problem of estimating the parameter ϑ based on the information contained in the
spectrum. Suppose that S2T is a consistent estimate of the spectrum and put

Q2,T (ϑ) =
B1T
β1

X
b1k∈Λ1

(S2 (b1k, ϑ)− S2T (b1k))
∗ F2 (b1k, ϑ) (S2 (b1k, ϑ)− S2T (b1k)) ,

whereΛ1 ⊂ (0, 1/2) is a finite union of closed intervals, frequencies b1k are equally spaced in [0, 1] by
bandwidth B1T , β1 is the Lebesque measure of Λ1 and

F2 (b1k, ϑ) = S−1
2
(b1k, ϑ)⊗ S−1

2
(−b1k, ϑ) .

If Y t ∈ Rd, t ∈ {0, 1, . . . , T − 1} is an observation of a time series, put

(2.1) dT (ω) =
T−1X
t=0

Y tz
−t, z = exp (2πiω), 0 ≤ ω < 1,

as a discrete Fourier transform. We shall use the higher order cumulants of the dT (ω). One of the most
important results on this direction, due to Brillinger[3], is

(2.2) Cumk (dT (ω1), dT (ω2) , . . . , dT (ωk)) = δΣωjTSk (ω1, . . . , ωk−1) +O (1) ,

and the error term is uniform in ω1, ω2, . . . , ωk. Write

I2T (ω) =
1

T
dT (ω)⊗ dT (ω),

for the second order Kronecker periodograms. Note that the usual definition for a periodogram according
to a vector valued time series is a matrix I

2T
(ω) = 1

T dT (ω)d
∗
T (ω), and the connection to our definition

is I2T (ω) = Vec
³
I 0
2T
(ω)
´
.

We are going to apply some well known methods for the estimation of the spectral densities. We shall
deal with the discrete Fourier frequencies fk = k/T , k = 0, . . . , T − 1. Consider the following smoothed
estimate for the spectral density

S2T (ω +m) =
1

T

X
k

W1T (ω − fk)I2T (fk), ω ∈ [0, 1), m ∈ Z,

Proceedings of the Conference Dedicated to the 90th Anniversary of Boris Vladimirovich Gnedenko (Kyiv, 2002). 



NON-GAUSSIAN MULTIPLE TIME SERIES 5

where the weightsW1T are defined by a weight functionW1T (ω) =W1(ω/B1T )/B1T , B1T → 0, TB1T →
∞ as T → ∞, see [3] for more details. The first and second order moments of S2T (ω) are derived by
Brillinger[3]. The first one is

(2.3) ES2T (ω) = S2(ω) +O(B1T ) +O(T−1B−11T ),

uniformly in ω, if ω 6= 0 mod ( 1). Define δω the Kronecker comb,

δω =

½
1 if ω = 0 mod (1) ,
0 otherwise.

The cumulant is given by

Cum2 (S2T (ω1), S2T (ω2)) =
1

T
S4 (ω1,−ω1, ω2)(2.4)

+
kW1k2
TB1T

δω1+ω2
¡
K−1p2↔3

¡
d[4]
¢
S2(ω1)⊗ S2(−ω1) +O (B1T )

¢
+
kW1k2
TB1T

δω1−ω2
¡
K−1p2↔4

¡
d[4]
¢
S⊗22 (ω1) +O (B1T )

¢
+O(T−2B−21T ),

uniformly in ω1, ω2. Therefore the Cov (S2T (ω1), S2T (ω2)) can be also expressed by the help of (2.4).
Most of the results listed above based on the scalar valued case in the monographs by Brillinger[3] and
Rosenblatt[10].
Let us suppose that the spectrum of the process Yt depend on a vector parameter ϑ ∈ Rr which is

not a multiplicative one. We consider an estimator ϑT for the unknown parameter ϑ obtained from
minimization of the functional Q2,T (ϑ).

2.1. Comparison to Whittle type estimator. In Gaussian case, the parameter estimation can be
carried out by the Whittle type estimator minimizing the functional, see Whittle[16] and Dzhaparidze[5],

(2.5) QW,T (ϑ) =

Z
Λ1

ln detS
2
(ω, ϑ) + Tr

³
S−1
2
(ω, ϑ)S

2T
(ω)
´
dω.

Lemma 1. The gradients and Hessians of QW,T (ϑ) and Q2,T (ϑ) are asymptotically the same. More
precisely the gradient of the (2.5) is

[DϑQW,T (ϑ)]
0 =

Z
Λ1

[DϑS2 (ω, ϑ)]
∗ F2 (ω, ϑ) (S2 (ω, ϑ)− S2T (ω)) dω(2.6)

= −
∙Z
Λ1

Tr

µ
S−1
2
(ω, ϑ)

∂

∂ϑj
S
2
(ω, ϑ)S−1

2
(ω, ϑ)

h
S
2T
(ω)− S

2
(ω, ϑ)

i¶
dω

¸0
j=1:r

=
1

2
[DϑQ2,T (ϑ)]

0 +OP (T
−2B−21T ),

where DϑQW,T (ϑ) denotes the Jacobian matrix of QW,T (ϑ) . The corresponding Hessian matrix is

H2 (ϑ) =

Z
Λ1

[DϑS2 (ω, ϑ)]
∗ F2 (ω, ϑ)DϑS2 (ω, ϑ) dω(2.7)

=

∙Z
Λ1

Tr

µ
S−1
2
(ω, ϑ)

∂

∂ϑj
S
2
(ω, ϑ)S−1

2
(ω, ϑ)

∂

∂ϑk
S
2
(ω, ϑ)

¶
dω

¸
j,k=1:r

and the Hessian matrix HQ,2 (ϑ) of Q2,T (ϑ) is given by

HQ,2 (ϑ) = 2H2 (ϑ) + oP .

H2 (ϑ) is real and nonnegative.
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Proof. We start with taking the Jacobian matrix of the integrand of QW,T (ϑ), more precisely

Dϑ

h
ln detS

2
(ω, ϑ) + Tr

³
S−1
2
(ω, ϑ)S

2T
(ω)
´i

=
³
VecS−1

2
(−ω, ϑ)

´0
DϑS2 (ω, ϑ)−

³
VecS0

2T
(ω)
´0 h

S−1
2
(−ω, ϑ)⊗ S−1

2
(ω, ϑ)

i
DϑS2 (ω, ϑ)

=
³
VecS−1

2
(−ω, ϑ)

´0
DϑS2 (−ω, ϑ)−

³
VecS0

2T
(ω)
´0
F 02 (ω, ϑ)DϑS2 (−ω, ϑ)

Observe

VecS−1
2
(−ω, ϑ) = Vec

h
S−1
2
(−ω, ϑ)S

2
(−ω, ϑ)S−1

2
(−ω, ϑ)

i
= F2 (ω, ϑ)S2 (ω, ϑ) ,

and proceed

Dϑ

h
ln detS

2
(ω, ϑ) + Tr

³
S−1
2
(ω, ϑ)S

2T
(ω)
´i

(2.8)

= (S2 (ω, ϑ)− S2T (ω))
∗
F2 (ω, ϑ)DϑS2 (ω, ϑ) .

This last expression follows becauseDϑQW,T (ϑ) is real. The main part of the Jacobian matrix DϑQ2,T (ϑ)
is

Dϑ

£
(S2 (ω, ϑ)− S2T (ω))

∗ F2 (ω, ϑ) (S2 (ω, ϑ)− S2T (ω))
¤

= (S2 (ω, ϑ)− S2T (ω))
∗
F2 (ω, ϑ)DϑS2 (ω, ϑ)

+ (S2 (ω, ϑ)− S2T (ω))
0 F 02 (ω, ϑ)DϑS2 (−ω, ϑ) +OP (T

−2B−21T )

= 2Dϑ

h
ln detS

2
(ω, ϑ) + Tr

³
S−1
2
(ω, ϑ)S

2T
(ω)
´i
+OP (T

−2B−21T ),

Note, the expression (2.6) follows from (2.8) indeed the jth entry is

(S2 (ω, ϑ)− S2T (ω))
∗
F2 (ω, ϑ)

∂

∂ϑj
S2 (ω, ϑ)

=

∙
∂

∂ϑj
S2 (ω, ϑ)

¸0
F 02 (ω, ϑ) (S2 (−ω, ϑ)− S2T (−ω))

=

∙
F2 (ω, ϑ)Vec

∂

∂ϑj
S
2
(−ω, ϑ)

¸0 h
Vec

n
S
2
(ω, ϑ)− S

2T
(ω)
oi

= Vec

∙
S−1
2
(−ω, ϑ)

∙
∂

∂ϑj
S
2
(−ω, ϑ)

¸
S−1
2
(−ω, ϑ)

¸0 h
Vec

n
S
2
(ω, ϑ)− S

2T
(ω)
oi

= Tr

µ
S−1
2
(ω, ϑ)

∙
∂

∂ϑj
S
2
(ω, ϑ)

¸
S−1
2
(ω, ϑ)

h
S
2T
(ω)− S

2
(ω, ϑ)

i¶
.

We shall obtain the Hessian matrix as the Jacobian matrix of the vector of (2.8), i.e.eH2 (ω, ϑ) = DϑVec
£
(S2 (ω, ϑ)− S2T (ω))

∗
F2 (ω, ϑ)DϑS2 (ω, ϑ)

¤
= [DϑS2 (ω, ϑ)]

0 F 02 (ω, ϑ)DϑS2 (−ω, ϑ) .

The entry (j, k) of this matrix is obtained taking the jth row and kth column of
h
Dϑ

³
VecS

2
(−ω, ϑ)

´i0
,

i.e.µ
Vec

∂

∂ϑj
S0
2
(ω, ϑ)

¶0
F 02 (ω, ϑ)Vec

∂

∂ϑk
S
2
(ω, ϑ)

=

µ
Vec

∙
S−1
2
(−ω, ϑ) ∂

∂ϑj
S0
2
(ω, ϑ)S−1

2
(−ω, ϑ)

¸¶0
Vec

∂

∂ϑk
S
2
(ω, ϑ)

= Tr

µ
S−1
2
(ω, ϑ)

∂

∂ϑj
S
2
(ω, ϑ)S−1

2
(ω, ϑ)

∂

∂ϑk
S
2
(ω, ϑ)

¶
.
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Hence eH2 (ω, ϑ) = H2 (ω, ϑ). We are closing this proof noting that H2 (ϑ) is real and nonnegative.
Indeed H2 (ϑ) = H2 (ϑ)

0, because the operator Tr makes the matrix product commutative, at the same
time H2 (ϑ)

0 = H2 (ϑ). ¤

2.1.1. The variance of the Gaussian estimator. We shall consider first the variance of the gradient

[DϑQ2,T (ϑ)]
0
=
2B1T
β1

X
b1k∈Λ1

[DϑS2 (b1k, ϑ)]
∗
F2 (b1k, ϑ) (S2 (b1k, ϑ)− S2T (b1k)) .

It will have two terms, see (2.4).

T
β21
4
Cum2

³
[DϑQ2,T (ϑ)]

0, [DϑQ2,T (ϑ)]
0´

=

ZZ
Λ1×Λ1

³
[DϑS2 (ω1,ϑ)]

∗
F2 (ω1, ϑ)⊗ [DϑS2 (ω2,ϑ)]

∗
F2 (ω2,ϑ)

´
S4 (−ω1, ω1, ω2) dω1dω2

+ kW1k2
Z
Λ1

[DϑS2 (ω, ϑ)]
∗
F2 (ω, ϑ)⊗ [DϑS2 (ω, ϑ)]

∗
F2 (ω, ϑ)

¡
K−1p2↔3

¡
d[4]
¢
S2(−ω)⊗ S2(ω)

¢
dω,

where we put Λ1 = (0, 1/2) so β1 = 1/2. Apply the inverse of the Vec operator and use (3.5)

T
1

4
Cov

¡
[DϑQ2,T (ϑ)]

0 , [DϑQ2,T (ϑ)]
0¢

=

ZZ 1

0

[DϑS2 (ω2, ϑ)]
∗
F2 (ω2, ϑ)Vec

−1 (S4 (−ω1, ω1, ω2))F2 (ω1, ϑ)DϑS2 (ω1, ϑ) dω1dω2

+ 2 kW1k2
Z 1

0

[DϑS2 (ω, ϑ)]
∗ F2 (ω, ϑ)

³
S
2
(ω, ϑ)⊗ S0

2
(ω, ϑ)

´
F2 (ω, ϑ)DϑS2 (ω, ϑ) dω,

observe that
F2 (ω, ϑ)

³
S
2
(ω, ϑ)⊗ S0

2
(ω, ϑ)

´
F2 (ω, ϑ) = F2 (ω, ϑ) ,

therefore transposing both sides we obtain

TCov
¡
[DϑQ2,T (ϑ)]

0 , [DϑQ2,T (ϑ)]
0¢(2.9)

= 4

ZZ 1

0

[DϑS2 (ω1, ϑ)]
0
F 02 (ω1, ϑ)

£
Vec−1 (S4 (−ω1, ω1, ω2))

¤0
F 02 (ω2, ϑ)DϑS2 (−ω2, ϑ) dω1dω2

+ 8 kW1k2
Z 1

0

[DϑS2 (ω, ϑ)]
∗ F2 (ω, ϑ)DϑS2 (ω, ϑ) dω

= 4Ξ4 + 8 kW1k2
Z 1

0

H2 (ω, ϑ) dω.

The Slutsky’s equation for the parameters follows from the Taylor expansion:

[DϑQT (ϑT )]
0 = [DϑQT (ϑ0)]

0 +H (QT (ϑ
B
T )) (ϑT − ϑ0) ,

where |ϑBT − ϑ0| < |ϑT − ϑ0|. Since ϑT minimizes Q2,T (ϑ), it follows that DϑQT (ϑT ) = 0. Thus for a
large T

(2.10) ϑT − ϑ0 = − [H (Q2,T (ϑBT ))]−1 [DϑQ2,T (ϑ0)]
0
.

We have
Var

³√
T (ϑT − ϑ0)

´ ∼= H2 (ϑ0)
−1 Ξ4H2 (ϑ0)

−1 + 2 kW1k2H2 (ϑ0)
−1

The higher order (>2) cumulants are zero for Gaussian time series therefore if the time series is
Gaussian we have the Whittle result, see [16],

TCov (DϑQ2,T (ϑ),DϑQ2,T (ϑ)) ∼= 8 kW1k2H2 (ϑ0) ,

therefore the variance matrix of the estimator is

Var
³√

T (ϑT − ϑ0)
´ ∼= 2 kW1k2H2 (ϑ0)

−1
.
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We shall show that the this is the case for linear processes as well.

2.1.2. An equivalent method. In practice it is important to choose a canonical form of the model prelim-
inary. In this way it can be assumed very often that the total prediction variance σ2e, i.e.

σ2e = exp

Z 1

0

ln detS
2
(ω, ϑ) dω,

does not vary with the unknown parameterϑ. Therefore minimizing the Whittle type equation

QW,T (ϑ) =

Z 1

0

ln detS
2
(ω, ϑ) + Tr

³
S−1
2
(ω, ϑ)S

2T
(ω)
´
dω

is equivalent to minimizing the equation

QW (1),T (ϑ) =
1

d

Z 1

0

Tr
³
σ−2/de S−1

2
(ω, ϑ)S

2T
(ω)
´
dω

under the constrain Z 1

0

ln det
h
σ−2/de S

2
(ω, ϑ)

i
dω = 0,

where the total prediction variance σ2e is considered as a scaling factor, see Whittle[16].

Assumption 2. Let us suppose that the total prediction variance σ2e does not depend on the unknown
parameter ϑ.

Introduce the estimation eϑT of ϑ minimizing the expression QW (1),T (ϑ), see Rosenblatt[11] in scalar

case. We show that under the Assumption 2 the estimator eϑT has the same variance as the Whittle type
estimator. In order to prove this consider the gradient of QW (1),T (ϑ),£

DϑQW (1),T (ϑ, ω)
¤0
=
h
DϑS2 (ω, ϑ)

i∗
F2 (ω, ϑ)VecS

0
2T
(ω) ,

and the variance matrix of the vector
£
DϑQW (1),T (ϑ)

¤0
is (2.9) except a factor 2. Now, the Hessian of

QW (1),T (ϑ) is

Dϑ

h
DϑS

−1
2
(ω, ϑ)VecS0

2T
(ω)
i
=
h
VecS0

2T
(ω)⊗ Id

i ³
Dϑ

h
DϑS

−1
2
(ω, ϑ)

i´
= H2 (ϑ) .

This last equality follows from the Assumption 2, i.e.

0 = −Dϑ

¡
Dϑ lnσ

2
e

¢
= −Dϑ

Z 1

0

Dϑ ln detS
−1
2
(ω, ϑ) dω

=

Z 1

0

S02 (ω, ϑ)F
0
2 (ω, ϑ)DϑS2 (−ω, ϑ) dω −

Z 1

0

h
VecS0

2T
(ω)⊗ Id

i ³
Dϑ

h
DϑS

−1
2
(ω, ϑ)

i´
dω,

hence the equivalence of the estimators eϑT and ϑT .

2.2. Estimating parameters for Non-Gaussian linear multiple time series. For a linear multiple
time series and in particular for a Gaussian time series the variance of the estimator has some reasonable
simple form. Suppose we have linear time series Y t of the form (1.7) with i.i.d. series et, then the
spectrum S2,Y of Y t is given by

S2,Y (z) =
£
A (z)⊗A

¡
z−1

¢¤
ce,2,

where ce,2 = Cum2 (e0, e0), in the matrix notation

S
2,Y
(z) = A (z)ΣeA

∗ (z) ,

where Σe = Cov (e0, e0) see Brillinger[3]. The fourth order cumulant spectrum is given by

S4,Y (z1:3) = [A (ω1)⊗A (ω2)⊗A (ω3)⊗A (ω4)] ce,4,

where ω4 = −ω1 − ω2 − ω3 and ce,4 = Cum4 (e0, e0, e0, e0) . In this case we assume that the unknown
parameter ϑ does not depend on the error process et. The variance matrix Σe of et should be estimated
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NON-GAUSSIAN MULTIPLE TIME SERIES 9

on its own. Actually the total prediction variance σ2e of the time series Y t has derivative zero according
to ϑ, i.e.

0 = Dϑ lnσ
2
e = Dϑ

Z 1

0

ln detS
2
(ω, ϑ) dω =

Z 1

0

³
VecS−1

2
(−ω, ϑ)

´0
DϑS2 (ω, ϑ) dω

=

Z 1

0

S02 (ω, ϑ)F
0
2 (ω, ϑ)DϑS2 (−ω, ϑ) dω

= [Cum2 (e0, e0)]
0
Z 1

0

[A (ω)⊗A (−ω)]0 F 02 (ω, ϑ)DϑS2 (−ω, ϑ) dω.

and this fulfils for any error process et. In other words, for any cumulant vector Cum2 (e0, e0), it can
only happen if

(2.11)
Z 1

0

[A (−ω)⊗A (ω)]0 F 02 (ω, ϑ)DϑS2 (−ω, ϑ) dω = 0,

rewrite
F2 (ω, ϑ) =

³£
A−1 (ω)

¤∗ ⊗ £A−1 (ω)¤ 0´ ¡Σ−1e ¢⊗2 £
A−1 (ω)⊗A−1 (−ω)¤ ,

and express

(2.12) DϑS2 (−ω, ϑ) = [A (−ω)⊗ Id] [Σe ⊗ Id]DϑA (ω) + [Id ⊗A (ω)] [Id ⊗ Σe]DϑA
∗ (ω) ,

we see that

[A (−ω)⊗A (ω)]0 F2 (ω, ϑ)
0DϑS2 (−ω, ϑ) =

¡
Σ−1e

¢⊗2 £
Id ⊗A−1 (ω)

¤
[Σe ⊗ Id]DϑA (ω)(2.13)

+
¡
Σ−1e

¢⊗2 ³£
A−1 (ω)

¤∗ ⊗ Id

´
(Id ⊗ Σe)Dϑ

∗
A (ω) ,

Therefore it follows from (2.11) that the absolute term in the series expansion of (2.13) is zero. If A is
in physically realizable canonical form then A0 = Id, see Hannan[6], and this is valid for the transpose
of (2.11) as well

(2.14) 0=

Z 1

0

£
Σe ⊗A−1 (ω)

¤
DϑA (ω) +

¡
DϑA (ω)

£
A−1 (ω)⊗ Σe

¤¢∗
dω,

we have

(2.15)
Z 1

0

£
Σe ⊗A−1 (ω)

¤
DϑA (ω) dω = 0.

Note, vice versa, from (2.14) follows that the absolute term of DϑA (ω) is zero therefore (2.11) fulfils
and the derivative of the total prediction variance σ2e is zero.

Assumption 3. Suppose that the time series Y t fulfils the following assumptions

• Y t is linear, physically realizable with transfer function

A (ω) =
∞X
k=0

Akz
k,

• A (ω) is in canonical form, i.e. the absolute term A0 of A (ω) is the unite matrix,
• the unknown parameter ϑ does not depend on the error process et, in other words the absolute
term of DϑA (ω) is zero.

Note, if the linear process Y t is not physically realizable then from (2.14) does not follows (2.15).
We have a simpler form of the Hessian (2.7)

H2 (ϑ) =

Z 1

0

[DϑA (ω)]
0 h
Σe ⊗ S−1

2
(−ω, ϑ)

i
DϑA (−ω) dω(2.16)

+

Z 1

0

[DϑA (ω)]
∗ hΣe ⊗ S−1

2
(ω, ϑ)

i
DϑA (ω) dω
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10 GYÖRGY TERDIK

considering that the rest of the integrals according to the cross-products from (2.12) are zero. Observe
that the (j, k)th entry of the matrix H2 (ϑ) is the integral of∙

∂

∂ϑj
VecA (ω)

¸0 h
Σe ⊗ S−1

2
(−ω, ϑ)

i ∂

∂ϑk
VecA (−ω) = Tr

µ∙
A−1 (ω)

∂

∂ϑk
A (ω)

¸∗ ∙
A−1 (ω)

∂

∂ϑj
A (ω)

¸¶
.

Define

(2.17) H2,L (ϑ) =

Z 1

0

[DϑA (ω)]
∗ h
Σe ⊗ S−1

2
(ω, ϑ)

i
DϑA (ω) dω,

an other form of this Hessian is

(2.18) H2,L (ϑ) =

∙Z 1

0

Tr

µ∙
A−1 (ω)

∂

∂ϑk
A (ω)

¸∗ ∙
A−1 (ω)

∂

∂ϑj
A (ω)

¸¶¸
j,k=1:r

,

and we see that the Hessian H2,L (ϑ) does not depend on the variance of the noise et but the linear filter
of the time series and it is real, hence

H2 (ϑ) = 2H2,L (ϑ) .

The fourth order cumulant spectrum£
Vec−1 (S4 (−ω1, ω1, ω2))

¤0
=
£
[A (ω2)⊗A (−ω2)]0Vec−1

¡
Ce,4

¢
[A (−ω1)⊗A (ω1)]

¤0
= [A (−ω1)⊗A (ω1)]

0 £Vec−1 ¡Ce,4

¢¤0
[A (ω2)⊗A (−ω2)] .

The integral in Ξ4 is separated by ω1 and ω2 and becomes zero according to (2.14). The variance matrix
of the gradient is

(2.19) TCov
¡
[DϑQ2,T (ϑ)]

0
, [DϑQ2,T (ϑ)]

0¢ ∼= 16 kW1k2H2,L (ϑ0) .

Theorem 4. Under the assumptions above the Hessian matrix H2 (ϑ) of the estimator for the linear
process is given by

H2 (ϑ) = 2H2,L (ϑ) ,

see (2.17), (2.18) and the variance of the estimate is

lim
T→∞

Var
³√

T (ϑT − ϑ0)
´
= kW1k2H2,L (ϑ0)

−1 .

3. Non-Gaussian Estimation

3.1. Construction of a Non-Gaussian Estimator. Let us suppose that the spectrum and the bis-
pectrum of the process Y t depend on a vector parameter ϑ ∈ Rr which is not a multiplicative one. We
consider the estimate ϑT for the unknown parameter ϑ obtained from minimization of the functional

QT (ϑ) =
1

d2 kW1k2
Q2,T (ϑ) +

B2
2T

d3β2 kW2k2
X

(b2m,b2l)∈Λ2
(S3 (b2m, b2l, ϑ)− S3T (b2m, b2l))

∗

× F3 (b2m, b2l, ϑ) (S3 (b2m, b2l, ϑ)− S3T (b2m, b2l)) ,

=
1

d2 kW1k2
Q2,T (ϑ) +

1

d3 kW2k2
Q3,T (ϑ), say,(3.1)

where frequencies b2k are equally spaced in [0, 1] by bandwidth B2T , and the constant β2 is the Lebesque
measure of Λ2, the S3T is a smoothed estimate of the bispectrum vector S3, see below, and

F3 (b2m, b2l, ϑ) = S−1
2
(b2m, ϑ)⊗ S−1

2
(b2l, ϑ)⊗ S−1

2
(−b2m − b2l, ϑ) .

The functional QT (ϑ) seems to be the only generalization of the Whittle method taking account not
only the information contained the spectrum but the information contained the bispectrum as well.

Remark 1. QT (ϑ) is real and nonnegative. The reason is that both F2 and F3 are Hermitian and positive
definite, since the Kronecker product inherits these properties from the components. For instance the
eigenvalues of a Kronecker product are the products of the eigenvalues.
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NON-GAUSSIAN MULTIPLE TIME SERIES 11

We shall show in sequel that both sums in (3.1) are equally weighted. If Y t ∈ Rd, t ∈ {0, 1, . . . , T −1}
is an observation of a time series, put

I3T (ω1, ω2) =
1

T
dT (ω1)⊗ dT (ω2)⊗ dT (ω1 + ω2),

for the second and third order Kronecker periodograms, respectively.
A consistent estimate of the bispectrum is

S3T (ω1 +m,ω2 + n) =
1

T 2

X
k

X
r

W2T (ω1 − fk, ω2 − fr)I3T (fk, fr),

where (fk, fr) = (k/T, r/T ) k, r = 0, 1, 2, ..., T − 1 are the Fourier frequencies, m,n ∈ Z, where the
weights W2T are defined by a weight function W2T (ω1, ω2) = W2(ω1/B2T , ω2/B2T )/B

2
2T , B2T → 0,

TB2
2T → ∞ as T →∞, B1T ≤ B2T and there exists the limit limT→∞B1T /B2T = ρ, see [14] for more

details . The following expansion shows that the smoothed estimator is asymptotically unbiased

(3.2) ES3T (ω1, ω2) = S3(ω1, ω2) +O(T−1B−12T ) +O(B2T ),

the error terms O are uniform in ω1, ω2. Here and throughout the paper put ω3 = −ω1 − ω2, λ3 =
−λ1 − λ2 and the indices of the frequencies exceeding 3 will be considered as mod(3) + 1. We consider
the open triangle 4 with vertices (0, 0), (1/2, 0), (1/3, 1/3). The cumulant according to the smoothed
biperiodogram is

Cum2 (S3T (λ1, λ2), S3T (ω1, ω2))(3.3)

=
1

T
S6 (λ1, λ2, , λ3, ω1, ω2)

+
W23

TB2T

⎡⎣ 3X
l,k=1

δλl+ωkK
−1
p1l,k

¡
d[6]
¢ {S2 (λl)⊗ S4 (λl+1, λl+2, ωk+1) +O (B2T )}

+
3X

l,k=1

δλl+λl+1+ωkK
−1
p2l,k

¡
d[6]
¢ {S3 (λl, λl+1)⊗ S3 (λl+2, ωk+1) +O (B2T )}

⎤⎦
+

W20

TB2T

3X
k=1

δωkK
−1
p4k

¡
d[6]
¢
S4 (λ1, λ2, λ3)⊗ {S2 (ωk+1) +O (B2T )}

+
W20

TB2T

3X
k=1

δλk+2K
−1
p5k

¡
d[6]
¢ {S2 (λk) +O (B2T )}⊗ S4 (0, ω1, ω2)

+
W 2
20

TB2
2T

⎡⎣ 3X
l,k=1

δλl+2δωkK
−1
p3l,k

¡
d[6]
¢
S2 (λl)⊗ S2 (0)⊗ S2 (ωk+1)

+O (B2T )
3X

k,l=1

δλkδωl

⎤⎦
+
kW2k2
TB2

2T

3X
q∈P3

δλ1+ωq(1)δλ2+ωq(2)K
−1
p6q

¡
d[6]
¢
[S2 (λ1)⊗ S2(λ2)⊗ S2(λ3) +O (B2T )]

+O
¡
T−2B−22T

¢
,

where the O(T−2B−22T ) term is uniform in the frequencies. The permutations p are given above (1.3) in
details, further

(3.4) W20 =

Z +∞

−∞
W2(ω1,−ω1)dω1, W23 =

ZZZ +∞

−∞
W2(λ1, λ2)W2(λ1 + λ2, ω)dλ1dλ2dω.
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The equation (3.3) is based on the expression for Cum2 (I3T (λ1, λ2), I3T (ω1, ω2)) . The latter one is
calculated by the formula for expressing the cumulants of products by cumulants, see [15]. Λ2 is some
finite union of compact domains lying inside the open triangle 4. One of the important choice for Λ2
is the open triangle with vertices (0, 0), (1/2, 0), (1/4, 1/4), because this triangle is basic for an aliasing
process see Hinnich [7].
We can show that inside the interval (0, 1/2) and inside the open triangle 4

TB1TCum2 (S2T (ω) , S2T (−ω)) = kW1k2K−1p2↔3

¡
d[4]
¢
S2(ω)⊗ S2(−ω)

+O (B1T ) +O
¡
T−1B−11T

¢
,

TB2
2TCum2 (S3T (ω1, ω2) , S3T (−ω1,−ω2)) = kW2k2K−1p(1:6)

¡
d[6]
¢
S2 (ω1)⊗ S2(ω2)⊗ S2(ω3)

+O (B2T ) +O
¡
T−1

¢
,

where p (1 : 6) = (1, 4, 2, 5, 3, 6) . Therefore the covariance matrix in both cases follows easily, see Wong
[17] for a particular case.

Lemma 2. Inside the interval (0, 1/2) and inside the open triangle 4 we have

TB1T

kW1k2
Cov (S2T (ω) , S2T (ω)) = S

2
(ω, ϑ)⊗ S

2
(−ω, ϑ) +O (B1T ) +O

¡
T−1B−11T

¢
,

TB2
2T

kW2k2
Cov (S3T (ω1, ω2) , S3T (−ω1,−ω2)) = S

2
(ω1, ϑ)⊗ S

2
(ω2, ϑ)⊗ S

2
(ω3, ϑ)

+O (B2T ) +O
¡
T−1

¢
.

Proof. First we rewrite the cumulant (2.4) of S2T

TB1T

kW1k2
Cum2 (S2T (ω) , S2T (−ω)) = K−1p2↔3

¡
d[4]
¢
VecS0

2
(ω, ϑ)⊗VecS

2
(ω, ϑ)

+O (B1T ) +O
¡
T−1B−11T

¢
,

and realize that

(3.5) K−1p2↔3

¡
d[4]
¢
VecS0

2
(ω, ϑ)⊗VecS

2
(ω, ϑ) = Vec

³
S0
2
(ω, ϑ)⊗ S

2
(ω, ϑ)

´
,

hence the covariance for S2T . The case of S3T is analogous. Put p (1 : 6) = (1, 4, 2, 5, 3, 6) , it is seen
that the matrix

¡
Id ⊗K1↔2

¡
d[2]
¢⊗ Id3

¢−1
=
¡
Id ⊗K1↔2

¡
d[2]
¢⊗ Id3

¢
corresponds to the permuta-

tion p1 (1 : 6) = (1, 3, 2, 4, 5, 6) and the matrix
¡
Id2 ⊗K1↔2

¡
d, d2

¢⊗ Id
¢−1

=
¡
Id2 ⊗K−11↔2

¡
d, d2

¢⊗ Id
¢

corresponds to the permutation p2 (1 : 6) = (1, 2, 4, 5, 3, 6) respectively. Now the product p1 × p2 =
(1, 4, 2, 5, 3, 6) = p (1 : 6) therefore we obtain for the matrix Kp(1:6)

¡
d[6]
¢
that

Kp(1:6)

¡
d[6]
¢
=
¡
Id ⊗K1↔2

¡
d[2]
¢⊗ Id3

¢−1 ¡
Id2 ⊗K1↔2

¡
d, d2

¢⊗ Id
¢−1

= K−1p2↔3

¡
d[6]
¢
K−1p3→5

¡
d[6]
¢
.

Apply the formula Vec (A⊗B) = (In ⊗K1↔2 (q,m)⊗ Ip)VecA⊗VecB, two times and obtain

VecS0
2
(ω1, ϑ)⊗VecS02 (ω2, ϑ)⊗VecS

0
2
(ω3, ϑ)

=
³¡
Id ⊗K1↔2

¡
d[2]
¢⊗ Id

¢−1 h
Vec

³
S0
2
(ω1, ϑ)⊗ S0

2
(ω2, ϑ)

´i´
⊗VecS0

2
(ω3, ϑ)

=
¡
Id ⊗K1↔2

¡
d[2]
¢⊗ Id3

¢−1 ¡
Id2 ⊗K1↔2

¡
d, d2

¢⊗ Id
¢−1

Vec
Y⊗

j=1:3
S0
2
(ωj , ϑ) .
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Therefore

TB2
2T

kW2k2
Cum2 (S3T (ω1, ω2) , S3T (−ω1,−ω2))

= K−1p(1:6)
¡
d[6]
¢
VecS0

2
(ω1, ϑ)⊗VecS02 (ω2, ϑ)⊗VecS

0
2
(ω3, ϑ)

+O (B2T ) +O
¡
T−1

¢
= Vec

³
S0
2
(ω1, ϑ)⊗ S0

2
(ω2, ϑ)⊗ S0

2
(ω3, ϑ)

´
+O (B2T ) +O

¡
T−1

¢
.

Hence the result of the Lemma follows. ¤

Lemma 3. The expected value of the terms in the quadratic form (3.1) is given asymptotically by

TB1T

kW1k2
E (S2 (ω, ϑ)− S2T (ω))

∗ F2 (ω, ϑ) (S2 (ω, ϑ)− S2T (ω)) ∼= d2,

and by

TB2
2T

kW2k2
E (S3 (ω1, ω2, ϑ)− S3T (ω1, ω2))

∗
F3 (ω1, ω2, ϑ) (S3 (ω1, ω2, ϑ)− S3T (ω1, ω2)) ∼= d3.

Proof. The expected values and the covariances of S2T and S3T are given by formulae (2.3), (3.2) and
Lemma 2. We obtain asymptotically that

E (S3 (ω1, ω2, ϑ)− S3T (ω1, ω2))
∗ F3 (ω1, ω2, ϑ) (S3 (ω1, ω2, ϑ)− S3T (ω1, ω2))

= Tr
¡
E (S3 (ω1, ω2, ϑ)− S3T (ω1, ω2)) (S3 (ω1, ω2, ϑ)− S3T (ω1, ω2))

∗
F3 (ω1, ω2, ϑ)

¢
∼= TrCov (S3T (ω1, ω2) , S3T (−ω1, −ω2))F3 (ω1, ω2, ϑ) ∼= kW2k2

TB2
2T

d3.

¤

For technical reasons we shall consider an equivalent form of (3.1). The quadratic forms can be
replaced by the integral

Q2,T (ϑ) =
1

β1

Z
Λ1

(S2 (ω, ϑ)− S2T (ω))
∗
F2 (ω, ϑ) (S2 (ω, ϑ)− S2T (ω)) dω +O (B1T ) ,

and

Q3,T (ϑ) =
1

β2

ZZ
Λ2

(S3 (ω1, ω2, ϑ)− S3T (ω1, ω2))
∗ F3 (ω1, ω2, ϑ)

× (S3 (ω1, ω2, ϑ)− S3T (ω1, ω2)) dω1dω2 +O (B2T ) .

If Λ1 = (0, 1/2) and Λ2 equals to the triangle 4 then one can put the domain of integration the whole
interval (0, 1) and the whole square (0, 1)2 respectively. The extension is immediate in scalar valued case
considering the symmetry properties of the spectrum and the bispectrum. That is not so direct in our
vector valued situation. Therefore it is supposed to be proved. We show first thatZ 1/2

0

(S2 (ω, ϑ)− S2T (ω))
∗
F2 (ω, ϑ) (S2 (ω, ϑ)− S2T (ω)) dω

=

Z 1

1/2

(S2 (ω, ϑ)− S2T (ω))
∗ F2 (ω, ϑ) (S2 (ω, ϑ)− S2T (ω)) dω,(3.6)

Consider the integrand

(S2 (ω, ϑ)− S2T (ω))
∗ F2 (ω, ϑ) (S2 (ω, ϑ)− S2T (ω)) ,
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at ω + 1/2, according to the periodicity 1 it will be equal to

(S2 (ω − 1/2, ϑ)− S2T (ω − 1/2))∗ F2 (ω − 1/2, ϑ) (S2 (ω − 1/2, ϑ)− S2T (ω − 1/2))
= (S2 (1/2− ω, ϑ)− S2T (1/2− ω))

∗
K0
p2→1

¡
d[2]
¢
F2 (ω − 1/2, ϑ)

×Kp2→1

¡
d[2]
¢
(S2 (1/2− ω, ϑ)− S2T (1/2− ω))

= (S2 (1/2− ω, ϑ)− S2T (1/2− ω))∗ F2 (1/2− ω, ϑ) (S2 (1/2− ω, ϑ)− S2T (1/2− ω)) .

So the value of the integrand at ω+1/2 equals to the value at 1/2−ω similarly to the scalar case. Hence
the result (3.6). We have proved the first part of the following

Lemma 4. Suppose that Λ1 = (0, 1/2) and Λ2 = 4, then β1 = 1/2, β2 = 1/12 and

Q2,T (ϑ) =

Z 1

0

(S2 (ω, ϑ)− S2T (ω))
∗ F2 (ω, ϑ) (S2 (ω, ϑ)− S2T (ω)) dω +O (B1T ) ,

Q3,T (ϑ) =

ZZ 1

0

(S3 (ω1, ω2, ϑ)− S3T (ω1, ω2))
∗
F3 (ω1, ω2, ϑ)

× (S3 (ω1, ω2, ϑ)− S3T (ω1, ω2)) dω1dω2 +O (B2T ) ,

respectively.

Proof. For proving the second equality we should have gone through 11 different cases. As the symmetry
of S3 and S3T is the same we proceed with S3 only and omit ϑ from the notation. Actually we can
reduce the problem showing that the integrand on the domain ω1<ω2 is the same as on the the domain
ω2<ω1. Indeed

S∗3 (ω1, ω2)F3 (ω1, ω2)S3 (ω1, ω2) = S∗3 (ω2, ω1)Kp2→1

¡
d[3]
¢
F3 (ω1, ω2)

×Kp2→1

¡
d[3]
¢
S3 (ω2, ω1)

= S∗3 (ω2, ω1)F3 (ω2, ω1)S3 (ω2, ω1) ,

see (1.9). Now we choose one from the rest of the five cases as an example. Consider the triangle41 with
vertices (1/2, 0), (1/3, 1/3), (1, 0), say. According to the symmetry of the spectrum and the bispectrum
we may transform it by (ω1, ω2) → (ω1−1, ω2), and get the the triangle e41 with vertices (−1/2, 0),
(−2/3, 1/3), (0, 0). The transformation (ω1, ω2) → (−ω1−ω2, ω2) goes from 4 to e41. Therefore we
have to show that the integrand will be invariant under this transformation,

S∗3 (−ω1−ω2, ω2)F3 (−ω1−ω2, ω2)S3 (−ω1−ω2, ω2)
= S∗3 (ω1, ω2)K

0
p3,2,1

¡
d[3]
¢
F3 (−ω1−ω2, ω2)Kp3,2,1

¡
d[3]
¢
S3 (ω1, ω2) ,

see (1.9). We proceed with the matrix

F3 (−ω1−ω2, ω2) = S−1
2
(−ω1−ω2)⊗ S−1

2
(ω2)⊗ S−1

2
(ω1) ,

and applying the commutator matrix Kp3,2,1

¡
d[3]
¢
on both sides, a little algebra leads to the changing

the first and the last component of F3. ¤

Appendix A. Commutation

Consider a set of vectors (a1,a2, . . . , an) with dimensions d(1:n) = (d1, d2, . . . , dn) respectively. It
is possible to transpose (interchange) the elements aj and aj+1 in a Kronecker product of vectors by
the help of the matrix Kj↔j+1 (d1:n), see [8], [15]. Let Pn denote the set of all permutations of the
numbers (1 : n) = (1, 2, . . . , n) , if p ∈ Pn then p (1 : n)= (p (1) , p (2) , . . . , p (n)) . It follows that for each
permutation p (1 : n)= (p (1) , p (2) , . . . , p (n)) , p ∈ Pn, there exists a matrix Kp(1:n) (d1:n) such that

(A.1) Kp(1:n)

¡
d(1:n)

¢Y⊗
i=1:n

ai =
Y⊗

i=1:n
ap(i),

just because any permutation p (1 : n) can be get by the product of transpositions of neighbor elements.
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