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differentials of order n, which is first order by each variable A;. The dimension of DP" s di[;’] =

Atin)
H?:1 dj. Now the definition of the n*" order cumulant of vectors X(1:n) is

(1.1) Cum,, (X)) = (—)"DF" 6.,y (Ve A )]A( L

Therefore Cum,, (X(lzn)) is a vector of dimension d;. ["] having all possible cumulants of entries of vectors
X, X5,...,X,, by the order defined by the Kronecker product. In general we obtain by (1.1)

Cuml( ) - EXt7
and
(1.2) Cum, (X, X,) = E[(X, — EX,) ® (X, — EX,)] = Vec Cov(X,, X,),

where Cov(X,, X ) denotes the covariance matrix of the vectors X, and X ..
The basic properties of the Kronecker cumulants are listed in [15]. Here we give an example of the
use of K—cumulants for expressing the cumulant of products in terms of products of cumulants.

Example 1. Let EX, = EY, =0, i = 1,2,3 and all the random variables be d dimensional. Consider
the second order cumulant for the product

Cum, (X1 X, ®X3,Y,0Y,®Y;) = Cumg (X;,X,,X3,Y,,Y,,Y3)
+ Z Ko d[6] Cum, (X, Y,) @ Cumy (X4, X0, Yy 1, Yipo)
I=1,k=1
3
+ Ky (di)) Cumg (X}, X1, Y,) @ Cumg (X0, Vg1, Y2)

Pik
I=1,k=1

3
+ D Kyt (digy) Cumy (X, X, X5, Yy) ® Cumy (Vg Yiyo)
3
T ZK:‘; (d[ﬁ]) Cum, (KZ’XHl) ® Cum, (XI+Q7X17X2713)
3
+ Z Kp_f’lk (die)) Cum, (X, X, 1) ® Cum, (X;,5,Y;) © Cumy (Vi 1, Y y0)

3
+ ZK&; (d[6]) CU_HQ (Klyxk) ®CU_H12 (XQaX]gJ,_l) ®CU_Hh (K&X}H-z) ,

where all indices are considered by mod 3 if they are greater then 3. The commutation matriz Ky (1.n) (d(lzn))
is defined by (A.1) and the permutations are given as

(1.3) ple(1:6)=(LEk+3,1+1,14+2k+4,k+5),
pip(1:6)=(L1+1,k+3,01+2,k+4,k+5),
pre(1:6)=(L1+1,1+2k+3,k+4,k+5),
pi(1:6) = (1,2,3,k+ 3,k + 4,k +5),
py (1:6) = (1,1 +1,1+2,4,5,6),
py(1:6)=(1,3+4q(1),2,3+9(2),3,3+4(3)), g€ Ps.

1.2. Stationary processes and spectra.
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1.2.1. Kronecker Spectra. If a strictly stationary process X, has third order moments, then not only
the covariances Cum, (X, ,,, X;) = c(s) are invariant with respect to the time-shift but the third order
cumulants Cumg (X, ., X, X;) = c3(r, 5) as well.

Definition 1. A stationary process X, will be called stationary of k** order if all the cumulants exist
up to k' order and are invariant with respect to the time shift, i.e., for allt € T, m = 1,2,...k, and
t(1:m)s tj € T,
Cum,,, (Xﬂ 1+t m)) = Cum,, (Xtu:m)) :
In particular the expectation is constant and the covariance depends only on the modulus of the
difference of the time points

Cum, (X100 Xo) = (B0l +0ucoK;,) (d)) Cumy (X0, X, ).

Notice the difference between the covariance matrix Cov and cumulant vector Cum,, i.e.

(1.4) Cum, (X, ,,X,) = Vec [Cov(X,,,,X,)'| = Vec [Cov(X,, X, ,)].
Assumption 1. Besides the stationarity of k' order, we shall assume in the sequel that EX, = 0 and
oo
(1'5) Z ||Cumk (Xt(l k—1) 7 < )H < 00,
tj = —
ji=12,...k—1

where ||-|| denotes the Euclidean norm of a vector.

Assumption (1.5) implies that the Fourier transform of the cumulants exists, it is bounded and
uniformly continuous. It will be convenient to use the notations z = e?>™, z; = €2 gsuch that

“tak) _ 2w Y tw;

k) T :

Definition 2. When it exists the Fourier tmnsform
—t
(1.6) Sy (waw-1) = Z Cumy, (Xey 0 Xo) 2 1)

J =
j= 1,2,...k—1
of the cumulant of a k™ order stationary process X, is called a k" order Kronecker cumulant spectrum

(or simply just a k' order spectrum,).

Let us denote the usual matrix valued spectrum by S, (w) it is the Fourier transform of the covariance
matrices C(s) = Cov(X,,,, X,), i.e

> Cs)z

S§=—00

therefore using formula (1.4) we obtain Vec (§2 (w)’> =9, (w).
Consider a linear filter of the form
(L.7) Y, = Z A Xy

such that along with the process X, the process Y, is kth order stationary also. When it exists define
the transfer function of this linear operator by

i AnpzT™,

m=—oo

then the spectrum S, ;- of Y, is given by
Sy () =[A(z) @A (:71)] Sy x ().
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This formula corresponds to the matrix valued case, see Brillinger[3],

S,, ()= A(2)S, () A" (2),

=2,Y =2,X
where * denotes the conjugate and transpose. In particular, when X, is i.i.d. then all spectra of the
process X, are constant and they are Cum, (Xom), O = (0,0, ...,0). So the k" order spectrum of a
linear process has the form
®
(1.8) Sy (2ak-1)) = {Hm:hk A (Zm)] Cumy, (Xo,,) -

where z = exp (—2mi 25;11 wj). We consider the third order spectrum Sy called bispectrum as well.

The bispectrum is generally complex valued. It has the following properties of symmetry,

(1.9) S3 (2(1:2)) = S3 (zfl,zgl) =S5(z1+k,20+j) = Kp_;l (di3)) S (22, 21)
= Kp,L, (d3) S5 (21,28) = K.\, (dig)) S (28, 21)
=K, (ds)) S (23,22) = K| (djs)) S (22, 23) ,
where k,j7 = 1,2,..., and z3 = (2122)_1. These equations imply that there are twelve triangles of

frequencies in the plane, each of which can be considered as the basic domain for the bispectrum, for
scalar valued case see Brillinger and Rosenblatt[4], and Subba Rao and Gabr[12]. It is completely
specified over the entire plane if it is determined over any one of the twelve triangles. We take the
triangle with vertices (0,0),(1/2,0),(1/3,1/3) as the basic domain for the bispectrum.

2. GAUSSIAN ESTIMATION FOR NON—(GAUSSIAN TIME SERIES

We consider the problem of estimating the parameter ¥ based on the information contained in the
spectrum. Suppose that So7 is a consistent estimate of the spectrum and put

_bBur
Qer(@) = - )

whereA; C (0,1/2) is a finite union of closed intervals, frequencies by, are equally spaced in [0, 1] by
bandwidth Byr, 8, is the Lebesque measure of A; and

F2 (blkaﬁ) = S;1 (blk‘vﬁ) ®§;1 (_blkaﬁ) .

Z (S (b1x,0) — Sor (b1x))" Fa (bix, ) (Sy (b1, 0) — Sar (b1x)) ,

kEAL

IfY, e R% ¢t €{0,1,...,T — 1} is an observation of a time series, put
T—1

(2.1) dr(w) = Zztz_t, z =exp (2miw), 0 <w < 1,
t=0

as a discrete Fourier transform. We shall use the higher order cumulants of the dp(w). One of the most
important results on this direction, due to Brillinger[3], is

(2'2) Cu—mk (C—lT(wl)vdT (w2) yeee 7dT(wk)) = 62ij§k (wla s ’wk—l) +0 (1) )

and the error term is uniform in wq,wo,...,ws. Write

Lp(w) = () © (o).

for the second order Kronecker periodograms. Note that the usual definition for a periodogram according
to a vector valued time series is a matrix [, (w) = #d7(w)d(w), and the connection to our definition

is Iyp(w) = Vec (;;T(w)> .

We are going to apply some well known methods for the estimation of the spectral densities. We shall
deal with the discrete Fourier frequencies fy, = k/T, k =0,...,T — 1. Consider the following smoothed
estimate for the spectral density

Sor(w+m) = %ZWH(UJ = f)Lar(fi), w € [0,1), m € Z,
k
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where the weights Wi are defined by a weight function Wy (w) = Wy (w/Byr)/Bir, Bir — 0, TBir —
oo as T — oo, see [3] for more details. The first and second order moments of Sy (w) are derived by
Brillinger[3]. The first one is

(2.3) ESyr(w) = Sy(w) +O(Bir) + O(T ' Bip),
uniformly in w, if w # 0 mod (1). Define ¢, the Kronecker comb,

5 — 1 if w=0mod (1),
“7 1 0 otherwise.

The cumulant is given by

1
(2.4) Cum, (Sor(wi), Sor(w2)) = fﬁzx (w1, —w1,w2)
+ HW1||25 (K—l (d )S (wl) ® S (_w1> +O(BlT))
TBir witws paos \9[4]) 22 22
WA

+

Ous—wz (KL, (dpay) S57(wr) + O (Bur)) + O(T~*By7),

TBir

uniformly in wy, wo. Therefore the Cov (Syr(w1), Sor(we)) can be also expressed by the help of (2.4).
Most of the results listed above based on the scalar valued case in the monographs by Brillinger[3] and
Rosenblatt[10].

Let us suppose that the spectrum of the process Y; depend on a vector parameter ¢ € R" which is
not a multiplicative one. We consider an estimator ¥, for the unknown parameter ¥ obtained from
minimization of the functional Qs 7 (2).

2.1. Comparison to Whittle type estimator. In Gaussian case, the parameter estimation can be
carried out by the Whittle type estimator minimizing the functional, see Whittle[16] and Dzhaparidze[5],

(2.5) Q) = |

-1
N Indet S, (w, ¥) +Tr (§2 (w, 9) S, (o.;)) dw.

Lemma 1. The gradients and Hessians of Qw.r(¥) and Q2 (9) are asymptotically the same. More
precisely the gradient of the (2.5) is

26)  IDoQur @) = [ (Do (.0 Fy (0.8) (S () ~ Sar () e
-/ E (8" 60 0) 5, (0 D)5, 00 0[5 () - 5, ()] de_M
- % [DyQor (9)] + Op(T?Bi7),

where DyQw,r (¥) denotes the Jacobian matriz of Qwr (¥). The corresponding Hessian matriz is

@7  H@) = /A (DS, (w,9)]" F (w, ) Dy, (w,0) doo

(8 D S o 8, 0 D) 58, )

and the Hessian matriz Hg o (9) of Q2,1 (8) is given by

Jk=1:r

Hg 2 () = 2H3 (9) + op.

Hy (9) is real and nonnegative.
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Proof. We start with taking the Jacobian matrix of the integrand of Qw (), more precisely
Dy [mdetg (w, 0) + Tr (s (@, 98, ))}
/
= (Vee S5 (~w, 9)) DuS, (w0, 0) — (Vee S (@) 85" (-, ) @ 8 (0, )] DuS, (0, 0)
/
_ (Vec 5. (~w, Q)) Dy, (—w,0) — (Vec s (w)) F (w,9) DS, (—w, 9)
Observe
Vec§2_1 (-w, ) = Vec [é;l (—w,9) S, (—w, V) §2_1 (—waﬁ)] =F(w,9)9; (w,9),
and proceed
(2.8) Dy [m det S, (w,0) + Tr (s (@,9) 5, (w ))}
= (S5 (w,9) = Sor (w))" Fy (w,9) DSy (w, D) .
This last expression follows because DyQw,r(?) is real. The main part of the Jacobian matrix DyQa r(9)
is
Dy [(8, (@,9) — Sor ()" F (w,9) (S5 (,8) — Sor (w))]
= (85 (w,8) = Sar (w))" F2 (w,0) DyS, (w, 1)
+ (85 (W, 8) = Sor () Fy (w,9) DSy (—w,9) + Op(T > Byf)
— 2D [Indet 8, (w,0) + Tr (87" (w,0) S, ()] + Op(T2BR),
Note, the expression (2.6) follows from (2.8) indeed the j*" entry is

(Sy (@, 8) — Sar ()" By (w, 0) %ﬁ (. )

— |72 o D] P 000 (8 (o0 ) = S ()

= |Po(e ) Voo 55, (- o] [vee (g 00~ 8, 1)

~ee [, (D [ 18, (0 0] 85 (-0 0] [Vee {8, (00 0~ 5, )]

T (8" D) [ 55, 00| & 0.0 [8,, ) - 5, . ] ).

We shall obtain the Hessian matrix as the Jacobian matrix of the vector of (2.8), i.e

Hy (w, ¥) = Dy Vec [(Sy (w, ¥) — Sar (w))* Fa (w, 2) DyS; (w, 0)]
= [Dﬂ§2 (Wvﬁﬂl FQ/ (wv ﬁ) D19§2 (_waﬁ) .

!
The entry (j, k) of this matrix is obtained taking the j** row and k* column of [Dﬁ (Vec S, (—w, ﬁ))} )

ie.

0
—§2 (w’ ﬁ)

/
Vec iS’ (w, ¥) | F3(w, D) Vec
0V,

09;=

0 ' )
o -1/ / -1/
- (Vec |:§2 ( w, ﬁ) 8'l9j§2 (w’ ﬁ) ég ( w, ﬁ):|> Vec 8?9k§2 (w, ﬁ)

0 7]

T (8 0 D 5, (0 D8, (00 8) 58, (D))
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Hence Hy (w, ¥) = Hs (w, ¥). We are closing this proof noting that Hs (1) is real and nonnegative.
Indeed H, (9) = Ho (¥9)', because the operator Tr makes the matrix product commutative, at the same

time Hy () = Hy (). O
2.1.1. The variance of the Gaussian estimator. We shall consider first the variance of the gradient
2B *
[DyQar(¥)] = ﬁlT > [DoS, (bix, D)) Fa (bk, 2) (S (bik, 2) — Sor (bix)) -
L piens

It will have two terms, see (2.4).

2 0
T%Cu_ﬂh ([DﬂQZT(Q)]Ia [Dnggj(ﬁ)O

[ (DS GordT Fard o [0S, (r )] Fa w2) S (w01, 01,0) o

+ HVV1||2 / [DySy (Waﬁ)]* Fy (w,9) ® [Dy S, (W,ﬁ)]* Py (w,9) (Kp_;_,3 (d[4]) Sy(-w) ®§2(W)) dw,
Ay
where we put A; = (0,1/2) so 8, = 1/2. Apply the inverse of the Vec operator and use (3.5)

Ti@ (IDsQ20(@)]", [Dy Q2,1 (9)])

1
_ / / (DS, (was O)]" Fs (wz, 8) Ve (8, (—wr,w1,w2)) F (w1, 9) DSy (w1, 8) dosrders
0

1
+2 [ / DSy (@, D" P (@,9) (8, (@,0) © 8} (0, 9)) Fs (w0, 8) Doy (w,0) do,

observe that

By (@,9) (8, (@) © 8 (0, ) F> (,0) = F (w,9),

therefore transposing both sides we obtain

(2.9) TCov ([DyQa7(¥)] , [DyQar(¥)]')

1
_4 / / (Do Sy (w1, 0)]' F} (w1, 9) [Vee™ (8 (—wr, w1, w2))] F (wa, 9) DoSy (—ws, 9) diordes
0
1
82 / D48, (@, )" Fa (,8) Dy, (w, ) dio
0

1
:4E4+8||W1H2/ Hy (w, V) dw.
0

The Slutsky’s equation for the parameters follows from the Taylor expansion:

[DyQr 7)) = [DeQr ()] + H (Qr (9%)) (7 — J)

where |07 — Uy| < |97 — Y| Since ¥ minimizes Qo 1 (0), it follows that DyQr(¥,) = 0. Thus for a
large T

(2.10) Iy — 9y = — [H (Qar (95))] ' [DsQa,r(0y)] -
We have
Var (VT (87 — do)) = Ha (8) " St ()™ +2 WA |* Hz (2) "

The higher order (>2) cumulants are zero for Gaussian time series therefore if the time series is
Gaussian we have the Whittle result, see [16],

TCov (DyQ2,(9), DyQa,r(2)) = 8|[Wi|* Ha (d).
therefore the variance matrix of the estimator is

Var (VT (i — o)) = 2[[Wh|* Ha (2)
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We shall show that the this is the case for linear processes as well.

2.1.2. An equivalent method. In practice it is important to choose a canonical form of the model prelim-

inary. In this way it can be assumed very often that the total prediction variance o2, i.e.

1
ol = exp/ Indet S, (w, 1) dw,
0

does not vary with the unknown parameterd. Therefore minimizing the Whittle type equation

1
Qwr¥) = /0 Indet S, (w, ) + Tr (é;l (w,9) S, (w)) dw

is equivalent to minimizing the equation

1/t _
Quwo r(@) =5 /O Tr (a;”‘ﬁ;(w,ﬁ)gﬂ (w)) dw

under the constrain )
/ In det |:O'e_2/d§2 (w,ﬁ)] dw =0,
0

2

2 is considered as a scaling factor, see Whittle[16].

where the total prediction variance o

Assumption 2. Let us suppose that the total prediction variance o does not depend on the unknown
parameter 9.

Introduce the estimation ¥, of ¥ minimizing the expression Qw 1 (), see Rosenblatt[11] in scalar

case. We show that under the Assumption 2 the estimator ET has the same variance as the Whittle type
estimator. In order to prove this consider the gradient of Qy ) (1),

[DoQwn r(t,w)]' = | Do, (@, 9)] Fo(w,) Vee S, (@),
and the variance matrix of the vector [DﬂQw(1)7T(ﬁ)]/ is (2.9) except a factor 2. Now, the Hessian of
QW(l),T(ﬁ) is
Dy [Py (w,0) Ve Sy ()] = |Vee Sy, (@) @ L) (Do [DoS;* (w,9)]) = Ha ().

This last equality follows from the Assumption 2, i.e.

1
0=—-Dy (Dg 1na§) = —Dﬂ/ Dy hldet§2_1 (w,0) dw
0

_ /O 1 S, (w0, 8) Y (w,9) Dy Sy (—w, ) duw — /O 1 [Vee S, (@) @ 1] (Do | Do (@, 9)] ) o,

hence the equivalence of the estimators ET and J.

2.2. Estimating parameters for Non-Gaussian linear multiple time series. For a linear multiple
time series and in particular for a Gaussian time series the variance of the estimator has some reasonable
simple form. Suppose we have linear time series Y, of the form (1.7) with i.i.d. series g, then the
spectrum S,y of Y, is given by

ﬁz,x (2) = [A (2)® A (271)} Ce 25

where ¢, » = Cum, (g, &), in the matrix notation

S,y (2) = A(2) A" (2),

=2Y
where X, = Cov (e, ey) see Brillinger[3]. The fourth order cumulant spectrum is given by
Say (71:3) = [A(w1) © A (w2) @ A(ws) @ A(wa)] g a,

where wy = —w; —wy —wg and ¢, , = Cumy, (e, €y, €9, €p) - In this case we assume that the unknown
parameter ¥ does not depend on the error process e,. The variance matrix 3. of ¢, should be estimated
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on its own. Actually the total prediction variance o2 of the time series Y, has derivative zero according
to 9, i.e.

1 1 ,
O:DganSZDg/ Indet S, (w,ﬁ)dw:/ (Vec§;1 (—w,ﬁ)) DS, (w, ) dw
0 0
1
~ [ @D @0 DS, (w0 do
0

= [Cum, (g9, &)’ /0 [A (W) ® A(-w)] F3 (,9) DpS, (~w, ) dw.

and this fulfils for any error process e,. In other words, for any cumulant vector Cum, (¢, €,), it can
only happen if

1
(2.11) /O A (=) ® A ()] B} (w,9) DpSy (—w, 9) d = 0,

rewrite
By wd) = (47 @] @ [A7 @) ) (2) 7 (A7 @ @ 47 (v,

and express

(2.12) DyS,y (—w, V) = [A(~w) ® I4] [Ee ® Ia] Dy A (w) + [la ® A (w)] [la ® Xe] Dy A" (w)
we see that
(2.13) [A(~w) @ AW)] Fa (w,8) DySy (—w,8) = (521 [I1© A7 ()] [Se ® 1] Dy A (w)

+ (=7 (A7 @) @ L) (L@ 5) Dy Aw),

Therefore it follows from (2.11) that the absolute term in the series expansion of (2.13) is zero. If A is
in physically realizable canonical form then Ag = I, see Hannan[6], and this is valid for the transpose
of (2.11) as well

1

(2.14) 0= /0 [Ze ® A7 (w)] Dy A (w) + (DyA (w) [A7! (w) ® Z] )" dw,
we have

(2.15) /0 [Se® A7 (w)] DyA (w) dw = 0.

Note, vice versa, from (2.14) follows that the absolute term of DyA (w) is zero therefore (2.11) fulfils
and the derivative of the total prediction variance o2 is zero.

Assumption 3. Suppose that the time series Y, fulfils the following assumptions

o Y, is linear, physically realizable with transfer function
Aw) = Z A",
k=0

o A(w) is in canonical form, i.e. the absolute term Ay of A (w) is the unite matriz,
o the unknown parameter ¥ does not depend on the error process e,, in other words the absolute
term of DyA (w) is zero.

Note, if the linear process Y, is not physically realizable then from (2.14) does not follows (2.15).
We have a simpler form of the Hessian (2.7)

(2.16) Hy () = /O DA W) [Se @ 8" (~,8)| Dod (~w) e

+/01 [DyA (w)]* [Ee o (Mﬁ)] Dy A (@) di
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considering that the rest of the integrals according to the cross-products from (2.12) are zero. Observe
that the (j, k)™ entry of the matrix Hy () is the integral of

[% Vec A (w )]/ [Ee ®§;1 (_W,ﬁ)] % Vec A (—w) =Tr ([A—l (w) 8?89kA( )]* [A—l (w) %A(w)]) .
Define
(2.17) Hy p, (9) = /O 1 Dy A@)]" [Ze® 8, (,0)] DA (w) du

an other form of this Hessian is

218 Hy oy (8) = { /0 1Tr<[A1( ) azkm >r [Al( ) 83 Alw )D]M_M,

and we see that the Hessian Ho 1, (¥) does not depend on the variance of the noise e, but the linear filter
of the time series and it is real, hence

Hy (¥) =2H, 1, (9).
The fourth order cumulant spectrum
[Vee™ (8 (~wn,wi,w9))]" = [[A(w2) ® A (~ws)] Vee ™ (C, ) [A(~w1) ® A (w1)]]
= [A(—w) ® A(w1)] [Vec ™ (C,.4)] 14 (w2) ® A (—w2)].

The integral in =4 is separated by w; and we and becomes zero according to (2.14). The variance matrix
of the gradient is

(2.19) TCov ([DyQ27 )] . [DyQor(@))') = 16 ||W1|* Ha,z (J,) -

Theorem 4. Under the assumptions above the Hessian matriz Ho (9) of the estimator for the linear
process is given by

H; (9) = 2Ho,1, (9),
see (2.17), (2.18) and the variance of the estimate is

Jim Var (VT (8 — 89)) = W11 Ha (2)

3. NON-GAUSSIAN ESTIMATION

3.1. Construction of a Non-Gaussian Estimator. Let us suppose that the spectrum and the bis-
pectrum of the process Y, depend on a vector parameter ¥ € R" which is not a multiplicative one. We
consider the estimate 19T for the unknown parameter ¥ obtained from minimization of the functional

B2
Qr@) = Qo (@) + =2y (S5 (b2, bat, 2) = Ssr (bam, ban)”
d2 ||W1||2 A5, || W <b2m,z§>ez\2
X F3 (b2m7 bat, 9) (83 (barm, b2la ) = Sar (bam, bai)) ,

ey = FAP T Fp e,

where frequencies boy, are equally spaced in [0, 1] by bandwidth B, and the constant 3, is the Lebesque
measure of Ay, the S3r is a smoothed estimate of the bispectrum vector S5, see below, and

Fy (bam, bar, 0) = 85 (bam, 0) © S5 (bar,0) @ S5 (—bam — bar, ).

The functional Q7 (¢) seems to be the only generalization of the Whittle method taking account not
only the information contained the spectrum but the information contained the bispectrum as well.

Remark 1. Qr(9) is real and nonnegative. The reason is that both Fy and F3 are Hermitian and positive
definite, since the Kronecker product inherits these properties from the components. For instance the
eigenvalues of a Kronecker product are the products of the eigenvalues.
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We shall show in sequel that both sums in (3.1) are equally weighted. If Y, € R¢ t € {0,1,...,T—1}
is an observation of a time series, put

1 -
lgT(Wla W2) = TdT(wl) ®QZT<W2) ®QT(W1 +W2)7

for the second and third order Kronecker periodograms, respectively.
A consistent estimate of the bispectrum is

Syr(wr +m,ws +n) =72 ZZWQT w1 = fi w2 — fr)Lsp(fr, fr),

where (fx, fr) = (&/T,r/T) k,r = 0,1,2,...,T — 1 are the Fourier frequencies, m,n € Z, where the
weights Wor are defined by a weight function War(wi,ws) = Wa(wi/Bar,ws/Bar)/Bay, Bar — 0,
TBZ, — 0o as T — oo, Byr < Bor and there exists the limit limy_,oo Bir/Bar = p, see [14] for more
details . The following expansion shows that the smoothed estimator is asymptotically unbiased

(3.2) ESsp(wi, w2) = Sy(w1, wa) + O(T ' Byt) + O(Bar),

the error terms O are uniform in w;,ws. Here and throughout the paper put ws = —w; — we, A3 =
—A1 — A2 and the indices of the frequencies exceeding 3 will be considered as mod(3) + 1. We consider
the open triangle A with vertices (0,0), (1/2,0), (1/3,1/3). The cumulant according to the smoothed
biperiodogram is

(3.3) Cum, (837 (A1, A2), Syp(wi, wa))

1
- _ﬁﬁ ()\17 )\27 ) )‘Sawlva)

W-
TBQ;T Z O +wi K d[e]) {Sy () ® 84 (Nig1, Ng2, wrr1) + O (Bar) }
k=1

+ Z 5Al+xl+1+kap (die)) {83 My A1) © Sy (Aig2, wig1) + O (Bar)}
l,k=1

Z 5A,+25ka (d[e])S (M) ® 85 (0) ® 5 (Wrt1)
l,k=1

3
B2T Z 5>\k wi
k,l=1

|Wa?

T Th,

3
Z 6/\1+wq(1)5)\2+wq(2)K;:?1 (d[ﬁ]) [§2 (>‘1) ® §2(/\2) ®§2(>‘3) +0 (BQT)]
q9€P3
+0(T™*Byr),
where the O(T~2B,;}) term is uniform in the frequencies. The permutations p are given above (1.3) in
details, further

“+o0 “+ o0
(34) WQO = Wg(wl, —wl)dwl, W23 = // WQ()\l, )\Q)WQ()\l + )\Q,w)d)\ldAde.

—0o0
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The equation (3.3) is based on the expression for Cum, (I537(A1, A2), Iy (w1, wa)). The latter one is
calculated by the formula for expressing the cumulants of products by cumulants, see [15]. As is some
finite union of compact domains lying inside the open triangle A. One of the important choice for A
is the open triangle with vertices (0,0), (1/2,0), (1/4,1/4), because this triangle is basic for an aliasing
process see Hinnich [7].

We can show that inside the interval (0,1/2) and inside the open triangle A

TBirCum, (Sar (w), Sar (—w)) = [Wil* K, , (di)) S5(w) ® Sy(~w)
+0(Bir) +0 (T7'By}),
T B3 Cum, (Sar (wi,ws) , Ssr (—w1, —w2)) = [Wal|* K, 1) (dig]) Sz (w1) @ Sy(ws) ® Sp(ws)
+O0 (Bar)+ 0O (T7),

where p (1:6) = (1,4,2,5,3,6) . Therefore the covariance matrix in both cases follows easily, see Wong
[17] for a particular case.

Lemma 2. Inside the interval (0,1/2) and inside the open triangle A\ we have

TB
P (Sor (), Sor (@) = 8, (0,0) © 8, (~,9) + O (Bur) +0 (T By,
1
TB2,
AR L Cov (S3r (w1,w2) , 837 (—w1, —w2)) = S, (w1,9) @ 3, (wa,0) © S, (w3, )
2

+O0(Bar)+0(T7).

Proof. First we rewrite the cumulant (2.4) of Sor

Cum2 (SQT (w) ,EQT (—w)) = K_l

P23

(diay) Vec 8!, (w,9) @ Vec S, (w, V)

+O(Bir)+0 (T’lBl_%) ,
and realize that

(3.5) Ky, (da) Vee S (w,0) @ Ve 8, (w,8) = Vee (8] (w,8) 8 5, (@, 9)),

P23

hence the covariance for Sor. The case of Ssr is analogous. Put p(1:6) = (1,4,2,5,3,6), it is seen
that the matrix (Id ® K19 (d[g]) ® Ids)fl = (Id ® K19 (d[g]) ® Idg) corresponds to the permuta-
tion p; (1:6) = (1,3,2,4,5,6) and the matrix (Idz QR Kico (d, d2) ® Id) - (Idz ® K1<—>2 (d, d2) ® Id)
corresponds to the permutation ps (1:6) = (1,2,4,5,3,6) respectively. Now the product p; X pa =
(1,4,2,5,3,6) = p (1 : 6) therefore we obtain for the matrix K, (;.¢) (d[s]) that

Kpa6) (dig) = (Ia ® K1z (d[2]) ® Id3)_1 Iz ® K1o (d,d%) ® Igl)71

= KP2H3 (d[ﬁ]) P3~5 (d[ﬁ]) :

Apply the formula Vec (A ® B) = (I,, ® K12 (¢,m) ® I,) Vec A ® Vec B, two times and obtain
Vec 8! (w1, ¥) @ Vec 8! (w2, 9) @ Vec S (w3, 0)
= ((Id © K1z (dpg) © I2) [VGC (ﬁl (w1, ) ® S, (w2, ﬁ))D ® Vec S, (w3, )

= (L4® K1o (dig) ® Ip) ™ (Iz © Kyo (d,d%) @ 11) ™" Vec H L (wj, ).
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Therefore
TB2,
2 (§3T ((.Ul,CUQ) 3§3T (7("-)1; 70}2))
W22
= Kf(l 6) (dig)) Vecé’2 (w1, ) ® Vecé/2 (we, ¥) ® Vecé'2 (w3, ¥)
+ O (Bar)+ 0O (T71)
= Vec (8 (w1, 9) @ 8} (w2, ) © ) (w3, 9)) + O (Bar) + O (7).
Hence the result of the Lemma follows. O

Lemma 3. The expected value of the terms in the quadratic form (3.1) is given asymptotically by

TBir i
|| 1“2 E (52 (w7 _lS) - 52'1 (U‘)) F (wu ls) (52 (( ), _’[9) — 5’2 (OJ)) o~ d27
Wi T
and by
g ’ =/ \= w — 7 (w1, w ~ l3
Huy ” (53( 1, W2, ) S3 ( 15 2)) 3 (w1,w2, 19) (53( 1, Wa, 19) S ( L 2)) '
2 w

Proof. The expected values and the covariances of Sor and Ssr are given by formulae (2.3), (3.2) and
Lemma 2. We obtain asymptotically that

E(S; (wi,w2, ¥) — Ssr (wi,w2))" F3 (w1, ws, 9) (S5 (w1, wsa, ¥) — Sar (w1, w2))

= Tr (E (S5 (w1, w2, ¥) — Sar (w1,w2)) (Sg (w1, w2, ¥) — Sar (w1,w2))" F3 (w1, ws, U))

||W2H

= Tr Cov (S37 (w1, w2) , S31 (w1, —w2)) F3 (w1, w2, ¥) = TB
2T

O
For technical reasons we shall consider an equivalent form of (3.1). The quadratic forms can be
replaced by the integral
1 *
Qur(@) = 5 [ (8 2) ~ Sor ()" Fa (0, 2) (5, (0, 2) = Sar (@) o+ O (Bar)
1JA;

and
Q3,0 /6 / (S5 (w1, w2, ¥) — Ssr (w1,w2))" F3 (w1, w2, )
2 JJn,

X (83 (w1, w2, ¥) — 837 (w1, w2)) dwidws + O (Bar) .

If Ay = (0,1/2) and As equals to the triangle A then one can put the domain of integration the whole
interval (0,1) and the whole square (0, 1)2 respectively. The extension is immediate in scalar valued case
considering the symmetry properties of the spectrum and the bispectrum. That is not so direct in our
vector valued situation. Therefore it is supposed to be proved. We show first that

1/2
A (S5 (@, 9) — Sor ()" Fi (w, 9) (S (w, B) — S () o

(3.6) = /1/2 (S (w, D) = Sar (w))" F2 (w, D) (S5 (w, ¥) = Sar (w)) dw,

Consider the integrand

(85 (w, B) = Sor (w))" F2 (w, 2) (85 (w, ¥) — Sar (W),
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at w + 1/2, according to the periodicity 1 it will be equal to
(Sy (w—1/2,9) = Sor (w = 1/2))" Fa (w — 1/2, 9) (S5 (w — 1/2, ) — Sar (w — 1/2))
= (S5 (1/2—w, ¥) = Sar (1/2—w))" K}, , (dz)) Fa (w —1/2, ¥)
X Kp, ., (djg)) (83 (1/2 —w, 9) — Sar (1/2 — w))
= (85 (1/2 ~w, ) = Sar (1/2 ~w))" F>(1/2 = w, ) (8, (1/2 — w, ¥) — Sar (1/2 — w)) .

So the value of the integrand at w+1/2 equals to the value at 1/2 —w similarly to the scalar case. Hence
the result (3.6). We have proved the first part of the following

Lemma 4. Suppose that Ay = (0,1/2) and Ay = A, then 5, =1/2, B, =1/12 and

1
Qor(®) = / (85 (@, 9) — Sor () Fy (@, 9) (S5 (@, ) — S () dio + O (Bur)

Q3,7 (¥ // (S5 (w1, w2, ¥) — Sar (w1,w2))" F3 (w1, w2, V)
X (S5 (w1,w2, ¥) — S3r (w1,w2)) dwidws + O (Bar) ,
respectively.

Proof. For proving the second equality we should have gone through 11 different cases. As the symmetry
of S5 and S3r is the same we proceed with S5 only and omit ¥ from the notation. Actually we can
reduce the problem showing that the integrand on the domain w; <ws is the same as on the the domain
wo<w1i. Indeed
S5 (w1, w2) F3 (w1, ws) S5 (w1,w2) = 8% (wa,w1) Kp,_, (djg)) F3 (w1, w2)
X Kp2~1 (d[3]> £3 (UJQ,LU1)
= 53 (w2, w1) F3 (wa,w1) Sy (w2, w1),
see (1.9). Now we choose one from the rest of the five cases as an example. Consider the triangle /Ay with
vertices (1/2,0), (1/3,1/3), (1,0), say. According to the symmetry of the spectrum and the bispectrum
we may transform it by (wi,ws) — (w1—1,w2), and get the the triangle A; with vertices (—1/2,0),
(—2/3,1/3), (0,0). The transformation (wi,ws) — (—wj—ws,ws) goes from A to A;. Therefore we
have to show that the integrand will be invariant under this transformation,
§§ (*w1*w2a WQ) 3 (*w1*0-72,w2)§3 (*wlfwz, UJQ)
=95 (wi,w2) Ky, (dig)) F3 (—w1—w2,wa) Kyy o, (dp3)) S5 (w1, w2)
see (1.9). We proceed with the matrix

F3 (—w1—ws,w2) = é;l (—w1—w2) ®§;1 (w2) ®§;1 (w1),

and applying the commutator matrix Ky, , , (d[g]) on both sides, a little algebra leads to the changing
the first and the last component of F3. O

APPENDIX A. COMMUTATION

Consider a set of vectors (ai,as,...,a,) with dimensions d(.,y = (di,d>,...,dy) respectively. It
is possible to transpose (interchange) the elements a; and aj;y; in a Kronecker product of vectors by
the help of the matrix K., i1 (di:n), see [8], [15]. Let PB,, denote the set of all permutations of the

numbers (1:n) = (1,2,...,n),if p € P, thenp (1 :n)=(p(1),p(2),...,p(n)). It follows that for each
permutation p (1:n)=(p (1) 0 (2),...,p(n)), p € P, there exists a matrix Ky(1.,) (di.n) such that

® ®
(Al) Kp(l:n) (d(ln)) Hi:l:n a; = Hi:l:n Ap (i)

just because any permutation p (1 : n) can be get by the product of transpositions of neighbor elements.
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