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Abstract

We study multiscale properties of smoothly truncated Lévy flights. The behavior of both fractional- and integer-or
ments〈|Xa(t)|ρ〉, for both small and large values of the scaling parametera is investigated. In the former case we obtain
behavior close to that of theα-stable flight, and for the latter, close to that of the Brownian motion.
 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Truncated Lévy flights were introduced by Mantegna and Stanley[8] as a model for random phenomena wh
exhibit at small scales properties similar to those of selfsimilar Lévy processes (see, e.g.,[14]) but have distributions
which at large scales have cutoffs and thus have finite moments of any order. Mantegna and Stanley pointe
usefulness of truncated Lévy flights in modeling a broad spectrum of random phenomena ranging from tu
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to financial markets. Smoothly truncated Lévy flights (STLF) introduced by Koponen[7], built on Mantegna and
Stanley’s ideas but stressed the advantage of a nice analytic form. To be more precise let us recall that the
X(t) is a Lévy process, that is a process with homogeneous and independent increments andX(0) = 0, with the
one-point probability distribution ofX(1) having characteristic function of the form

ϕX(1)(u) = exp
(
ψX(1)(u)

)
,

where thecumulant function

ψX(1)(u) = aλα
[
pζα(−u/λ) + qζα(u/λ)

] + iub,

whereλ > 0, a,p, q � 0, p + q = 1, b is a real number, and

ζα(r) =
{

�(−α)[(1− ir)α − 1], for 0< α < 1,

(1− ir) log(1− ir) + ir, for α = 1,

�(−α)[(1− ir)α − 1+ iαr], for 1< α < 2.

In what follows we shall only consider, without loss of generality, the case when the shift parameterb = 0.
Parametersp andq describe theskewnessof the probability distributions, andp = q = 1/2 yields a symmetric
distribution. Parameterλ will be referred to as thetruncationparameter.

In the case of 0< α < 1, the cumulant function is given by the formula

(1)ψX(1)(u) = aλα�(−α)

[
p

(
1+ i

u

λ

)α

+ q

(
1− i

u

λ

)α

− 1

]
,

and ifp = 0 the cumulant function

(2)ψX(1)(u) = aλα�(−α)

[(
1− i

u

λ

)α

− 1

]
= a�(−α)

[
(λ − iu)α − λα

]
,

describes a distribution totally concentrated on the positive half-line.
In the symmetric casep = q = 1/2, and 0< α < 2, α �= 1,

ψX(1)(u) = aλα�(−α)

[
1

2

(
1+ i

u

λ

)α

+ 1

2

(
1− i

u

λ

)α

− 1

]

(3)= a�(−α)
[(

λ2 + u2)α/2
cos

(
α arctan(u/λ)

) − λα
]
.

If α = 1 in the symmetric case the cumulant function is

(4)ψX(1)(u) = a

(
λ

2
log

(
1+ u2

λ2

)
− |u|arctan

|u|
λ

)
.

Thus, in this Letter, the STLFX(t) is uniquely determined by the indexα, scale parametera, skewness paramet
p and truncation parameterλ. The distribution ofX(1) will be denotedSTLFα(a,p,λ). The indexα corresponds to
the nontruncated limit whenλ = 0, in this case the distribution ofX(1) is the classical Lévy’sα-stable probability
distribution. The scale parametera tunes the time unit toa, the distribution ofX(t) is thenSTLFα(at,p,λ).

The role of the truncation parameterλ is obvious in the following particular case. It is worthwhile observ
that if f (x) is a probability density function (PDF) of a totally asymmetricα-stable distributionSTLFα(a,0,0),
where 0< α < 1, (see,(2)) then

gλ(x) := f (x)e−λ|x|

is, up to a normalizing constant, the PDF ofSTLFα(a,0, λ). Vice versa, ifgλ(x) is a totally asymmetric PDF
of STLFα(a,0, λ) then, up to a normalizing constant,f (x) := gλ(x)eλ|x|, is anα-stable density function. Thi
transformation, i.e., the multiplication bye−λ|x| does not change the behavior of theα-stable density, but it make
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the tail of the distribution thinner. This peculiar fact has been observed, forα = 1/2, by Bochner (see, e.g.,[2], and
[14, p. 233], for the general case), and the related transformations are often called subordination, and Es
exponential, transformation. The calculations in this case are straightforward. Indeed, the PDF ofSTLF1/2(a,0,0)

is explicitly known and of the form

f (x) = a

x3/2
e−a2π/x, x > 0,

with the cumulant function

ψ(u) = −2a
√

π(−iu)1/2.

The distributionSTLF1/2(a,0,0) is known as theinverse Gaussian(IG) distribution (see,[15]). For any positiveλ,
the correspondingSTLF1/2(a,0, λ) produces an exponential familyIG(λ) generated by theIG distributions with
PDFs

gλ(x) = ae−2a
√

πλ

x3/2
e−a2π/x−λx, x > 0,

with cumulant function

ψλ(u) = −2a
√

πλ1/2
[(

1− i
u

λ

)1/2

− 1

]
.

Recently, there have been several attempts to generalize the above transformation. In particular, gradually
Lévy flights (GTLF) have been studied by[6], and the exponentially damped Lévy flights (EDLF) in[5]; both
papers contain further valuable references. The above mentioned generalizations are based on specific
truncation schemes for the symmetricα-stable densityf (·). In the case of GTLF the multiplier

ξ(Z
t ) =
{

1, if |Z
t | � lc,

exp
[−( |Z
t |−lc

k

)β0
]
, if |Z
t | > lc,

is utilized, while, in the case of EDLF, the truncation factor is of the form

ξ(Z
t ) =
{1, if |Z
t | � lc,

(
t−1/α|Z
t | + η)β1 exp(H(Z
t )), if lc � |Z
t | < lmax,

0, if lmax� |Z
t |,
whereH(Z
t ) = λ1 + λ2(1− |Z
t |/lmax)

β2 + λ2(|Z
t | − lc)
β3. These truncations permit a flexible model fitti

given empirical marginal distributions.
In the present Letter we take a closer look at the scaling properties of STLFs following on the footsteps o

[10]. The typical approach, used commonly in, e.g., intermittency studies in hydrodynamics (see[4,9]), calls for
an investigation of evolution of moments (partition functions) of STLFs as functions of time and scale, dis
in the log–log coordinates. In contrast to Nakao’s work, we study the behavior of both fractional- and intege
moments〈|Xa(t)|ρ〉, for both small and large values of the scaling parametera. In the former case, for a fixedt ,
we obtain the behavior close to that of theα-stable distribution, and for the latter, close to that of the Gaus
distribution (Sections2 and 3).

More precisely, we will consider an STLFX(t), with discrete time parametert = 0,1,2,3, . . . . To emphasize
the dependence of STLF on the scaling parametera we will write X(t) = Xa(t) and calculate the shape of t
scaling exponentτa(ρ) such that〈∣∣Xa(t)

∣∣ρ 〉 ∝ (at)τa(ρ),

which gives the following linear dependence in the log–log scales:

log
〈∣∣Xa(t)

∣∣ρ 〉 ≈ τa(ρ) log(at) + const,

where the behavior ofτa(ρ) is different for small and large values of the scaling parametera, see Section4.
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2. Fractional- and integer-order moments of one-sidedSTLFα distributions, 0 < α < 1

2.1. Fractional-order moments

For the one-sidedSTLFα(a,0, λ) distribution with 0< α < 1, the cumulant function is of the form

(5)ψXa(u) = aλα�(−α)

[(
1− i

u

λ

)α

− 1

]
.

As λ → 0, the distributionSTLFα(a,0, λ) clearly converges to theα-stable distributionSTLFα(a,0,0), for which
the fractional moments of orderρ < α are well known and of the form

(6)
〈|Xa|ρ

〉 = (−a�(−α)
)ρ/α �(1− ρ/α)

�(1− ρ)
, 0< ρ < α,

see, e.g.,[18], or [14, p. 162].
In this subsection we address the question of dependence of the fractional moments ofSTLFα(a,0, λ) on scaling

parametera, for a fixedλ. Recall that random variables involved here are positive and the absolute mome
moments of the same order coincide.

Since theSTLFα(a,0, λ) distribution is concentrated on the positive half-line, it is more convenient to u
Laplace transform instead of the Fourier transform. The former is given by the formula

φXa (u) = 〈
euXa

〉 = ϕXa (−iu) = exp
(
aλα�(−α)

[
(1+ u/λ)α − 1

])
,

so that

〈|Xa|ρ
〉 = ρ

�(1− ρ)

∞∫
0

[
1− exp

(
aλα�(−α)

[
(1+ u/λ)α − 1

])] du

u1+ρ
,

see[18]. Integrating by parts, and changing variables, we get

(7)
〈|Xa|ρ

〉 = aλα−ρ�(1− α)

α�(1− ρ)

∞∫
1

exp(aλα�(−α)[u − 1])
(u1/α − 1)ρ

du, 0< ρ < α.

2.1.1. Fractional-order moments in the caseα = 1/2
Observe that only in the particular caseα = 1/2 the above formulas lead to explicit expressions. Indeed, in

case,

〈|Xa|ρ
〉 = 2aλ1/2−ρ

√
π

�(1− ρ)

∞∫
1

exp(−2a
√

πλ[u − 1])
(u2 − 1)ρ

du, 0< ρ < 1/2,

and the fractional moments ofSTLF1/2(a,0, λ) distribution, are

(8)
〈|Xa|ρ

〉 = 2a1/2+ρ

(
λ

π

)1/4−ρ/2

exp(2a
√

πλ)K1/2−ρ(2a
√

πλ), 0< ρ < 1/2,

whereKν is the modified Bessel function of the second kind, see[11, p. 323, 2.3.5.4]. Since,

Kν(z) ∼ 1

2
�(ν)

(
z

2

)−ν

, z → 0,
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see[1, 9.6.9], we obtain the following asymptotics for the moments ofSTLFα :

〈|Xa|ρ
〉 ∼ 2a1/2+ρ

(
λ

π

)1/4−ρ/2 1

2
�(1/2− ρ)(a

√
πλ)ρ−1/2 = (−a�(−1/2)

)2ρ �(1− 2ρ)

�(1− ρ)
, a → 0,

so, for a fixedλ, at small-time scalesa, the moments structure of theSTLF1/2 distribution is the same as that
the 1/2-stable distribution, see(6).

Since

Kν(z) =
(

π

2z

)1/2

e−z
(
1+ O(1/z)

)
, z → ∞,

(see Erdélyi[3, vol. 2, p. 32]), we have, for large time-scalesa → ∞, the asymptotics〈|Xa|ρ
〉 ∼ aρ(π/λ)ρ/2, a → ∞, 0< ρ < 1/2,

which gives the following logarithmic asymptotics for the fractional moments:

log
〈|X|ρ 〉 ∼ ρ loga + const, a → ∞.

2.1.2. Fractional-order moments for generalα, 0< α < 1
We shall return now to the general case of 0< α < 1. Formula(7) can be rewritten in the form

〈|Xa|ρ
〉 = �(1− α)aλα−ρ

α�(1− ρ)

∞∫
1

exp(aλα�(−α)[u − 1])
(u − 1)ρ

[
u − 1

u1/α − 1

]ρ

du.

Functionf (u) := (u − 1)/(u1/α − 1) has the limitα for u → 1, and the limit 0 atu → ∞, with the Taylor series
expansion aroundu = 1 of the form

(9)f (u) = α − 1− α

2
(u − 1) + o

([u − 1]),
and the expansion aroundu = ∞ of the form

(10)f (u) = 1

u1/α−1
− 1− α

αu1/α
+ o

(
1

u1/α

)
.

Therefore,

(1) For smalla, or, equivalently, largeu/(aλα�(−α)), expansion(10)applied to the integrand in

〈|X|ρ 〉 = aρ (−�(−α))ρ

�(1− ρ)
λ(α−1)ρ

∞∫
0

exp(−u)

uρ

[
u/(aλα�(−α))

(u/(aλα�(−α)) + 1)1/α − 1

]ρ

du,

results in asymptotics

〈|X|ρ 〉 = aρ (−�(−α))ρ

�(1− ρ)
λ(α−1)ρ

∞∫
0

exp(−u)

uρ

[
(aλα�(−α))1/α−1

u1/α−1
+ O

(
1

u1/α−1

)]ρ

du

∼ aρ/α (−�(−α))ρ/α�(1− ρ/α)

�(1− ρ)
, a → 0, 0< ρ < α,

which again matches the moment behavior for theα-stable case(6).
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(2) For largea, or, equivalently, smallu/(aλα�(−α)), expansion(9) applies to yield asymptotics〈|X|ρ 〉 ∼ aρ
(
�(1− α)

)ρ
λ(α−1)ρ, a → ∞, 0< ρ < α.

In conclusion, for eachα, 0< α < 1, and eachρ < α,

log
〈|X|ρ 〉 ∼ {

(ρ/α) loga + c1, asa → 0,

ρ loga + c2, asa → ∞,

where constantsc1 = log(−�(−α))ρ/α�(1− ρ/α)/�(1− ρ), andc2 = ρ log(λα−1�(1− α)).

2.2. Integer-order moments

For λ > 0, theSTLFα(a,0, λ) distribution has finite moments of any positive orderρ, the fact crucial for their
application as models of the physical and economic phenomena (see, e.g., Mantegna and Stanley[8]). In this
subsection we will show how to explicitly calculate all the positive integer moments ofSTLFα(a,0, λ) by using
the theory of cumulants. This method will be applied in the case ofρ = 1,2, and 3.

Recall that thekth cumulantof any random quantityZ is defined as the value atu = 0 of thekth derivative of
the cumulant function ofZ (the logarithm of the characteristic function ofZ):

cumk(Z) = (−i)k
dk

duk
ψZ(u)

∣∣∣∣
u=0

,

see, e.g.,[17].
In view of (5), the cumulants of orderk = 1,2, . . . , of STLFα(a,0, λ) are given by the expression

cumk(Xa) = aλα−k�(k − α), k = 1,2, . . . .

For a random quantityZ the integer-order moments ofZ can be expressed in terms of its cumulants as follow

〈Z〉 = cum1(Z),〈
Z2〉 = cum2(Z) + [

cum1(Z)
]2

,〈
Z3〉 = cum3(Z) + 3cum1(Z)cum2(Z) + [

cum1(Z)
]3

,

...〈
Zk

〉 = cumk(Z) + · · · + [
cum1(Z)

]k
,

and so on.
For a fixedk, and largea, the term[cum1(Xa)]k dominates. Hence we conclude that

(11)log
〈|Xa|k

〉 ∼ k loga + c, asa → ∞,

wherec is a constant independent ofa. As we will see in Section4 this is the first evidence of the multiscalin
property ofSTLFα(a,0, λ) flights, and reflects its large time-scale Gaussian (with drift) behavior.

For a fixedk, and asa → 0, the dominant term iscumk(Xa). Therefore

log
〈|Xa|k

〉 ∼ loga + c, asa → 0.

At this time we are not providing an evaluation of theoretical fractional moments of orderρ,α � ρ < ∞.
However, the method used in this Section can be extended to provide information about any fractional non
moment of orderρ, producing the formula

log
〈|X|ρ 〉 ∼ {

min(ρ/α,1) loga + c1, asa → 0,

ρ loga + c , asa → ∞,
2
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which is also supported by our simulations in Section4. There, we will simulate theSTLFα distribution and
calculate the behavior of log〈|Xa|ρ〉 via a sampling procedure. In the special caseα = 1/2, formula(8) remains
valid for any positiveρ giving us complete information about the behavior of moments.

3. Fractional- and integer-order moments for symmetricSTLFα 0< α < 2

3.1. Fractional-order moments

As seen inSTLFα(at,p,0) is which, in the symmetric casep = q = 1/2, has the characteristic function of t
following simple form

exp
(−ta�(−α)cos(απ/2)|u|α)

, 0< α < 2.

As seen in(3) and (4), in the case of symmetricSTLFα(a,1/2, λ) distribution the characteristic functionϕXa (u) =
exp(ψXa (u)) has the cumulant function of the explicit form

(12)ψXa(u) =

a�(−α)λα

[(
1+ u2

λ2

)α/2 cos(α arctan(u/λ)) − 1
]
, for α �= 1,

a
(1

2λ log
(
1+ u2

λ2

) − |u|arctan(|u|/λ)
)
, for α = 1,

thereforeψXa is real-valued. In spite of this fact, it is hard to replicate for them direct calculations of asymp
of fractional moments used in Section2 in the case of one-sided STLF distributions. So, to investigate the beh
of absolute moments ofSTLFα(a,1/2, λ) we will have to be satisfied with just finding asymptotics for their up
and lower bounds. The integer-order moment calculations are similar to those in Section2.2.

The discussion inAppendix A, SectionA.1 can be summarized as follows:

log
〈|X|ρ 〉 ∼ {

(ρ/α) loga + C1, for a → 0,

(ρ/2) loga + C2, for a → ∞,

for some, independent ofa, constantsC1,C2.
Thus the asymptotic dependence of the log-fractional absolute moments on loga is linear, both, for short an

large time-scalesa. As we shall see in Section4, for time-scalesa → 0, a symmetricSTLFα flight converges to
theα-stable Lévy flight, and, for time-scalesa → ∞, it converges to the increments of the Brownian motion. T
result gives the logarithmic asymptotics indicated above.

3.2. Integer-order moments

For STLFα(a,1/2, λ), α �= 1, the cumulant technique used in Section2.2 permits only evaluation of absolu
moments of even orderρ = 2n. Other moments can be obtained via the Central Limit Theorem as is do
Section4. The calculations analogous to those of Section2.2give the following logarithmic asymptotics.

For a fixedk, and largea,

log
〈|Xa|k

〉 ∼ k

2
loga + c, asa → ∞,

wherec is a constant independent ofa. As we will see in Section4 this is the first evidence of the multiscalin
property ofSTLFα(a,0, λ) flights, and reflects its large time-scale Gaussian (no drift) behavior.

For example, if 2n = 4, then〈
X4〉 = cum4(X) + 3

[
cum2(X)

]2
.

terdikgy
Note
'min' is missing
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Since, for any symmetric distributionSTLFα(a,1/2, λ),

cum2k(X) = aλα−2k�(2k − α),

we have the asymptotics〈X4〉 ∼ a2, asa → ∞.
For smalla we have that

log
〈|Xa|k

〉 ∼ loga + c, asa → 0.

We conclude that there is no difference between the behavior of fractional and integer moments eithera is large or
small.

4. Multiscaling of the smoothly truncated Lévy flight

Consider now theSTLFα flight X(t) = Xa(t) determined by cumulant function

ψXa(t)(u|λ) = taλα�(−α)

[
p

(
1+ i

u

λ

)α

+ q

(
1− i

u

λ

)α

− 1

]
,

see(1).
Our basic contention, grounded in moment calculations from Sections2 and 3, is that two different rescaling

of STLFα give two different behaviors for large and smallt ’s: the rescaling

(13)a−1/αXa(t) ⇒ Sα(t), a → 0,

where the convergence⇒ is that of one-point distributions, gives the behavior of theα-stable processSα(t), while
the rescaling

(14)a−1/2(Xa(t) − 〈
Xa(t)

〉) ⇒ B(t), a → ∞,

gives the behavior of the Brownian motion processB(t).
We will argue this multiscaling statement by looking at the asymptotics of the logarithmic partition funct

log
〈∣∣a−1/αXa(t)

∣∣ρ 〉 = −ρ

α
loga + log

〈∣∣Xa(t)
∣∣ρ 〉

, a → 0,

−ρ

α
loga + ρ

α
log(at) + c = ρ

α
logt + c,

for ρ < α, where the behavior of the last term is known from Sections1 and 2. We concern here integer momen
only (it is enough for the CLT). The central moments of even orders (ρ = 2n) for anyα ∈ (0,2] fulfills

log
〈
a−1/2(Xa(t) − 〈

Xa(t)
〉)ρ 〉 → ρ

2
logt + c, a → ∞,

and it is easy to see that the central moments of odd orders are either zero, (α ∈ (1,2], symmetric case) ora1/2−ε

in magnitude, asa → ∞. Therefore Central Limit Theorem provides the limit distribution of

a−1/2(Xa(t) − 〈
Xa(t)

〉)
,

it is Gaussian with mean zero and variance Var(X1(t)) ∝ t so that itsρth central moments of even orders grow li
tρ/2.

Since the characteristic functions of the processes in question are analytic the convergence of the corre
logarithmic partition functions implies the convergence of processes in(13) and (14). A different approach to thi
problem, in a more general context oftempered stable processeshas been announced by Rosiński [12]. It is our
understanding that the full version of his results will be submitted for publication soon, see[13].
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4.1. One-sided STLFα flights,0< α < 1

For convenience let us introduce the multiscaling exponentτ(ρ) such that the partition function is〈
Xρ

a (t)
〉 ∝ tτ (ρ).

Results of Section2 and the comments above immediately give that in the case of one-sidedSTLFα flights, 0<

α < 1,

log
〈∣∣Xa(t)

∣∣ρ 〉 ∼ τ(ρ) log(at) + const,

where, fora → 0,

τ(ρ) = min

(
ρ

α
,1

)
,

and, fora → ∞,

τ(ρ) = ρ.

The simulations provided below give information about this asymptotic behavior.
In Fig. 1we show the multiscaling exponentsτ(ρ) for STLα(a,0,10−5) flights, for time-scale parameter valu

a = 0.0004, and 800, and the indexα = 1/2 (top) andα = 3/4 (bottom).
The “solid” lines represent the limiting Gaussian (with drift) case; the “dashed” lines correspond to theα-stable

processes. The “triangle-down” data points are obtained, fora = 800, using theoretical values of the momen
The “triangle-up” data points are obtained by simulation ofSTLα(800,0,10−5) flights (the nontrivial simulation
procedure is described inAppendix A) and estimation ofτ(ρ). The two “squares” points are obtained, fora =
0.0004, by calculating the exact values of the moments of integer order. The “asterisk” data points are obt
simulation ofSTLα(0.0004,0,10−5) flights and estimation ofτ(ρ).

Additionally, in the caseα = 1/2 (top), we are able to find numerically values of all fractional moments
use this information to calculateτ(ρ). The “dash-point-dash” line corresponds toa = 800, and “dotted” line cor
responds toa = 0.0004.

For small time-scale parameter valuea = 0.0004, the behavior of the multiscaling exponentτ(ρ), ρ < α is close
to that of theα-stable process; the smallerρ the better the approximation.

If a = 800, for the range ofρ covered by our estimations, the situation is close to that for a Gaussian p
with drift.

Note that in the caseα = 1/2 the probability density is explicitly known and we have available exact nume
evaluation of the fractional and integer order moments. So our estimations ofτ(ρ) are more accurate here. We us
them as a validation tool for our simulations.

4.2. Symmetric STLFα flights,0< α < 2

Results of Section3 and comments at the beginning of this section give that in the case of symmetricSTLFα

flights, 0< α < 2,

log
〈∣∣Xa(t)

∣∣ρ 〉 ∼ τ(ρ) log(at) + const,

where, fora → 0,

τ(ρ) = min

(
ρ

α
,1

)
,
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Fig. 1. The multiscaling exponentsτ(ρ) for one-sidedSTLFα(a,0,10−5), for time-scale parameter valuesa = 0.0004, and 800, and the inde
α = 1/2 (top) andα = 3/4 (bottom).
x
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e
Fig. 2. The multiscaling exponentsτ(ρ) for symmetricSTLFα(a,1/2,10−2), for time-scale parameter valuesa = 0.0004, and 800, and th
indexα = 3/2 (top) andα = 7/4 (bottom).
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and, fora → ∞,

τ(ρ) = ρ

2
.

The simulations provided below give information about this asymptotic behavior for intermediate values oa and
values ofρ not accounted for above.

In Fig. 2 we show the multiscaling exponentsτ(ρ) for symmetricSTLFα(a,1/2,10−2) flights, for time-scale
parameter valuesa = 0.0004, and 800, and the indexα = 3/2 (top) andα = 7/4 (bottom). The usage of speci
lines in this figure is identical to that ofFig. 1which was explained in Section4.1. For small time-scale paramet
valuea = 0.0004, the behavior of the multiscaling exponentτ(ρ), ρ < α is close to that of theα-stable process
the smallerρ the better the approximation.

If a = 800, for the range ofρ covered by our estimations, the situation is close to that for a Gaussian p
with no drift.

5. Discussion and conclusions

The heart of the theory ofα-stable distributions is their self-similarity which permits study of their prope
based on the characteristic and cumulant functions despite the fact that their densities are not known
in the general case. Koponen’s generalization of Mantegna and Stanley’s truncation approach respects
of the original theory ofα-stable distributions: the nice analytic form of the characteristic function is prese
Further generalizations of Mantegna and Stanley’s truncation scheme, such as GTLF and EDLF, take us
further by truncating stable densities with multipliers permitting several parameters. This gives us better fle
in fitting experimental data while taking care of the problem of infinite second moments. Of course, the p
such a flexible approach is that it takes us further away from the fundamental self-similar nature of theα-stable
distribution.

In this context, in addition to GTLF and EDLF, one can consider further possible generalization of STL
do retain some self-similarity characteristics. Here is one possibility: letM(dϑ) = g(ϑ)dϑ be a finite measure o
[0,2π] andλ(ϑ) a positive function. Define the cumulant function

(15)ψY (u) =
2π∫
0

λ(ϑ)αζα

(
γ cos(ϑ − θ1)

λ(ϑ)
u

)
g(ϑ)dϑ,

whereγ > 0 andθ1 ∈ [0,2π] are real numbers. It is readily seen that puttingθ1 = 0, λ(0) = λ(π) = λ, γ = 1, and
g(0) = aqδ0, g(π) = apδπ (δλ is the Dirac measure), we obtain the cumulant function

ψX(1)(u) = aλα
[
pζα(−u/λ) + qζα(u/λ)

]
,

of STLFα(at,p,λ) as a particular case. Let us call the model based on formula(15), generalized smoothly truncate
Lévy flights (GSTLF). The model is very flexible as it admits not only numerical parametersα, θ1 andγ , but also
functional parametersλ(ϑ) andg(ϑ). For practical purposes these functions can be chosen to depend on
many parameters. Note that this method can be also robustly applied to GSTLF. For an even larger f
generalizations, see[12].

In this Letter we have shown that, for a one-sidedSTLFα(a,0, λ) distribution, the moments of fractional positi
orderρ has the asymptotics

log
〈|X|ρ 〉 ∼ {

min(ρ/α,1) loga + c1, asa → 0,

ρ loga + c2, asa → ∞,
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and for the symmetric distributionSTLFα(a,1/2, λ)

log
〈|X|ρ 〉 ∼ {

(ρ/α) loga + C1, for a → 0,

(ρ/2) loga + C2, for a → ∞.

The consequence of these result is the multiscaling properties of the STFLs.
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Appendix A

A.1. Derivation of the scaling exponents for symmetric STLFα , 0< α < 2

Let us begin by recalling that for any random quantityZ, with characteristic functionϕZ(u), fractional moments
are given by the formula

(A.1)
〈|Z|ρ 〉 = c(ρ)

∞∫
−∞

[
1− ReϕZ(u)

] du

|u|1+ρ
,

where 0< ρ < 2, and

c(ρ) = �(1+ ρ)sin(ρπ/2)

π
,

see[16].

A.1.1. The case0< α < 2, α �= 1
Denoteθy = arctany and substitute the characteristic functionϕ(u) = exp(ψ(u)), with ψ(u) given by the first

formula in(12), into formula(A.1). In view of the symmetry of the distribution, forρ < α,

(A.2)
〈|X|ρ 〉 = 2c(ρ)

∞∫
0

1− exp
(−aλα�(−α)

[
1− (1+ u/λ)α/2 cos(αθu/α)

]) du

u1+ρ
.

Integration by parts, and change of variabley = u/λ, yields the following expression:

〈|X|ρ 〉 = 2c(ρ)

ρ
aλα−ρ

∞∫
0

exp
[−aλα�(−α)

(
1− (

1+ y2)cosαθy

)]

(A.3)× (
1+ y2)α/2−1

�(−α)

(
1

y
sin(αθy) − cos(αθy)

)
dy

yρ−1
.

Since the asymptotics of this integral, both, for small and large time-scalea, is difficult to evaluate, we begin b
finding first upper and lower bounds for the integrands by using obvious inequalities

(A.4)�(−α)(α − 1) � �(−α)(1− (1+ y2)α/2 cos(αθy))

(1+ y2)α/2 − 1
� −�(−α)cosαπ/2,

terdikgy
Note
'min' is missing



Gy. Terdik et al. / Physics Letters A 348 (2006) 94–109 107
(A.5)�(−α)(α − 1) � �(−α)

(
1

y
sin(αθy) − cos(αθy)

)
� −�(−α)cos(απ/2).

The upper bound. Applying right-hand sides of inequalities(A.4) and(A.5) to formula(A.3) we have

〈|X|ρ 〉
� 2c(ρ)

ρ
aλα−ρ

×
∞∫

0

exp
[−aλα�(−α)(α − 1)

((
1+ y2) − 1

)](
1+ y2)α/2−1(−�(−α)cos(απ/2)

) dy

yρ−1
.

Denote

A = −2c(ρ)aλα−ρ�(−α)cos(απ/2)/ρ,

b = aλα�(−α)(α − 1)

and observe that, for 0< α < 1, and, for 1< α < 2, constantb is positive. Thus we get that

〈|X|ρ 〉
� A

∞∫
0

exp
[−b

((
1+ y2)α/2 − 1

)](
1+ y2)α/2−1 dy

yρ−1
= A

α

∞∫
1

exp
(−b(y − 1)

)(
y2/α − 1

)−ρ/2
dy

= A

α

∞∫
1

exp(−b(y − 1))

(y − 1)ρ/2

(
y − 1

y2/α − 1

)ρ/2

dy.

Now, functionf (y) := (y − 1)/(y2/α − 1) can be expanded in power series aroundy = 1, andy = ∞, in a
procedure similar to the one used in Section2, with 1/α replaced by 2/α.

If a → 0, or, equivalently,b → 0, then

〈|X|ρ 〉
� A

α

∞∫
1

exp(−b(y − 1))

(y − 1)ρ/2

(
y − 1

y2/α−1

)ρ/2

= A

bα

∞∫
0

exp(−u)

(u/b)ρ/α

(
u/b

(u/b + 1)2/α − 1

)ρ/2

du

= A

bα

∞∫
0

exp(−u)

(u/b)ρ/α

(
b2/α−1

u2/α−1
+ o

(
1

(u/b)2/α

))
du ∼ A

bα
bρ/α�(1− ρ/α)

= aρ/α 2 sin(ρπ/2)cos(απ/2)

πα(1− α)

(
�(−α)(α − 1)

)ρ/α
�(ρ)�(1− ρ/α).

Therefore, there exists a positive constantc1 such that, for sufficiently smalla,

log
〈|X|ρ 〉

� ρ

α
loga + c1.

If a → ∞, or equivalently,b → ∞, andu/b → 0, then

〈|X|ρ 〉
� A

bα

∞∫
0

exp(−u)

(u/b)ρ/α

(
u/b

(u/b + 1)2/α − 1

)ρ/2

du ∼ A

bα

∞∫
0

exp(−u)

(u/b)ρ/α

(
α

2

)ρ/2

du

= A

bα

(
αb

2

)ρ/2

�(1− ρ/2) = aρ/2 2 sin(π/2)cos(απ/2)

πα(1− α)

(
λα−2�(2− α)

2

)ρ/2

�(ρ)�(1− ρ/2).
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Therefore, there exists a positive constantc2 such that, for sufficiently largea,

log
〈|X|ρ 〉

� ρ

2
loga + c2.

The lower bounds. Here we proceed in a manner analogous to the estimates used to obtain the upper bo
employing the complementary inequalities in(A.4) and (A.5). The details are omitted. The final result is that th
exist constantsc3 andc4, independent ofa, such that, for small enougha,

log
〈|X|ρ 〉

� ρ

α
loga + c3

and, for sufficiently large time-scale parametera,

log
〈|X|ρ 〉

� ρ

2
loga + c4.

A.1.2. The caseα = 1
Note that the cumulant functionψXa(u) in (12), for α = 1, is the limit of the cumulant functionsψXa(u) as

α ↘ 1, α �= 1, and the same is true for the corresponding characteristic functions. Therefore, for anyρ < 1, the
integrand in(A.2) for α = 1 is the bounded limit of the integrands in(A.2) for α ↘ 1, α �= 1. As a result forα = 1
we get the asymptotics

log
〈|X|ρ 〉 ∼ {

ρ loga + C3, for a → 0,

(ρ/2) loga + C4, for a → ∞,

for some, independent ofa, constantsC3, C4.

A.2. Monte Carlo method for simulation of STLFs

For our simulations of STLF random variables we have used the series representations obtained inński
[12]. In the one-sidedSTLFα(a,0, λ) case, with 0< α < 1, the expansion is as follows:

S0 =
∞∑

j=1

((
αγj

a

)−1/α

∧ eju
1/α
j

λ

)
,

where{uj } is a sequence of independent and identically distributed (iid) uniform random variables on the i
[0,1], {ej } and {e′

j } sequences of iid exponential random variables with parameter 1, andγj = e′
1 + . . . + e′

j .
Additionally, the sequences{uj }, {ej } and{e′

j } must be independent of each other. The wedge∧ stands for the
operation of taking the minimum of two real numbers.

In the symmetricSTLFα(a,1/2, λ) case the expansion is

S1 =
∞∑

j=1

(
vj

(
αγj

a

)−1/α

∧ eju
1/α
j

λ

)
,

where the additional sequence{vj } sequence appearing here consists of independent random variables taking
±1 with equal probabilities 1/2.

TheSTLFα(a,p,λ) flight at an integer timet = 2,3, . . . , is simulated as a sum of iid copies of the same fli
at time 1.

In the one sided-casep = 0, we chooseλ = 10−5, anda = 0.0004 or= 800. In the symmetric case, we choo
λ = 10−2, anda = 0.0004 or= 800.

To obtain the multiscaling exponentτ(ρ), we take into account the fact that, for small and largea the relationship
between log

〈|Xa(t)|ρ
〉
and loga, is nearly linear, choose times exponentiallyt = 1,2,22, . . . ,25, and estimate th

slope via linear regression.
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[12] J. Rosínski, Tempered stable processes, in: 2nd MaPhySto Levy Conference, MaPhySto, Aarhus, January 2002, p. 215.
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