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Abstract

We study multiscale properties of smoothly truncated Lévy flights. The behavior of both fractional- and integer-order mo-
ments(| X, (¢)|”), for both small and large values of the scaling parameterinvestigated. In the former case we obtain the
behavior close to that of the-stable flight, and for the latter, close to that of the Brownian motion.
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1. Introduction

Truncated Lévy flights were introduced by Mantegna and StgBlesrs a model for random phenomena which
exhibit at small scales properties similar to those of selfsimilar Lévy processes (sd&4é).gut have distributions
which at large scales have cutoffs and thus have finite moments of any order. Mantegna and Stanley pointed out the
usefulness of truncated Lévy flights in modeling a broad spectrum of random phenomena ranging from turbulence
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to financial markets. Smoothly truncated Lévy flights (STLF) introduced by Kopffjebuilt on Mantegna and
Stanley’s ideas but stressed the advantage of a nice analytic form. To be more precise let us recall that the 1D STLF
X () is a Lévy process, that is a process with homogeneous and independent increment®)aad, with the
one-point probability distribution ok (1) having characteristic function of the form

ox ) () =exp(¥x ) (),
where thecumulant function

Vx (W) = ar’ [pea(=u/M) + qCua(u/M)] + iub,
wherei > 0,a, p,q >0, p+ g =1, b is areal number, and

N—a)[(1—ir)* -1], forO<a <1,
Lo(r) = {(1—ir)|og(1—ir)+ir, fora =1,
I'—a)[1—ir)* —1+iar], forl<a<2.

In what follows we shall only consider, without loss of generality, the case when the shift pardmet@r
Parameterg andq describe theskewnessf the probability distributions, ang = g = 1/2 yields a symmetric
distribution. Parameter will be referred to as theuncationparameter.

In the case of & « < 1, the cumulant function is given by the formula

VYx @) =ar’T(—a) p<1+ z%) +q<l— z%) - 1}, (1)
and if p = 0 the cumulant function
Vx @) = ar’T (—a) (1 . z%) - 1} =al'(—a)[(h — iw)* — 2%], @)

describes a distribution totally concentrated on the positive half-line.
In the symmetriccasp=¢ =1/2,and O< o < 2, @ # 1,

Vxww) =a (—a)[i +1X> +3 —1X> —}

=al(—a)[(A? + uz)“/2 cog(c arctariu/1)) — A%]. (3)

If « =1 inthe symmetric case the cumulant function is

2
Yx @) =a<%log<1+ %) — |u|arctan|z—|>. (4)

Thus, in this Letter, the STLEK (¢) is uniquely determined by the index scale parameter, skewness parameter
p and truncation parametgr The distribution ofx (1) will be denotedSTLF, (a, p, A). The indexx corresponds to
the nontruncated limit whekh = 0, in this case the distribution &f (1) is the classical Lévy's-stable probability
distribution. The scale parametetunes the time unit ta, the distribution ofX (¢) is thenSTLF, (az, p, A).

The role of the truncation parameteris obvious in the following particular case. It is worthwhile observing
that if f(x) is a probability density function (PDF) of a totally asymmetristable distributiorSTLF, (a, 0, 0),
where O< a < 1, (see(2)) then

£.(x) := f(x)e

is, up to a normalizing constant, the PDF®TLF,(a, 0, 1). Vice versa, ifg, (x) is a totally asymmetric PDF
of STLFR,(a, 0, A) then, up to a normalizing constant(x) := g; (x)e**!, is ana-stable density function. This
transformation, i.e., the multiplication ey **| does not change the behavior of thestable density, but it makes
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the tail of the distribution thinner. This peculiar fact has been observed,#$ot/2, by Bochner (see, e.42], and

[14, p. 233] for the general case), and the related transformations are often called subordination, and Esscher or
exponential, transformation. The calculations in this case are straightforward. Indeed, the ¥DF0$(a, 0, 0)

is explicitly known and of the form

a —azn/x
=35 , x>0,
f@) =g x

with the cumulant function

V() = —2a/m (—iu)?.
The distributionSTLF/2(a, 0, 0) is known as thénverse Gaussia(iG) distribution (see[15]). For any positive.,
the correspondin@TLF/2(a, 0, A) produces an exponential familg (1) generated by th&G distributions with
PDFs
ae_z“m
gn(x) = Te

— a2 /x—
acmw/x )»x, x>0,

with cumulant function

1/2
¥ () = —2aﬁxl/2[<1 - z;> - 1}.

Recently, there have been several attempts to generalize the above transformation. In particular, gradually truncated
Lévy flights (GTLF) have been studied §], and the exponentially damped Lévy flights (EDLF)[§]); both
papers contain further valuable references. The above mentioned generalizations are based on specific choices of
truncation schemes for the symmetsiestable densityf (). In the case of GTLF the multiplier
1’ If |ZAf| <IC’
ZAs) = . .
§(Zar) exp[ — (122 lc)ﬂol it 1Zas] > L.

is utilized, while, in the case of EDLF, the truncation factor is of the form

1, if | Zarl <o,
E(Zar) = (ATYNZa  + Prexp(H(Zar)), i le <1 Zar] < Imax
0, if Imax < |Zasls

whereH (Za;) = A1+ ro(1— | Zasl/ Ima)®2 + A2(1Z ;| — 1.)P3. These truncations permit a flexible model fitting
given empirical marginal distributions.

In the present Letter we take a closer look at the scaling properties of STLFs following on the footsteps of Nakao
[10]. The typical approach, used commonly in, e.g., intermittency studies in hydrodynami¢4,@3pecalls for
an investigation of evolution of moments (partition functions) of STLFs as functions of time and scale, displayed
in the log—log coordinates. In contrast to Nakao’s work, we study the behavior of both fractional- and integer-order
moments(| X, (¢)|”), for both small and large values of the scaling parametén the former case, for a fixed
we obtain the behavior close to that of thestable distribution, and for the latter, close to that of the Gaussian
distribution (Sectiong and 3.

More precisely, we will consider an STL¥(z¢), with discrete time parameter=0, 1, 2, 3,.... To emphasize
the dependence of STLF on the scaling parametee will write X (r) = X,(¢) and calculate the shape of the
scaling exponent, (p) such that

(1Xa®)]”) o (at) ™,
which gives the following linear dependence in the log—log scales:
log(|Xa(1)|”) ~ 7a(p) log(at) + const
where the behavior of,(p) is different for small and large values of the scaling parameteee Sectiod.
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2. Fractional- and integer-order moments of one-side®TLF, distributions, 0 <a <1
2.1. Fractional-order moments

For the one-side&TLF, (a, 0, 1) distribution with O< o < 1, the cumulant function is of the form

wxa(u)zaA“F(—a)[<1—i%) - 1]. (5)

As A — 0, the distributiorSTLF, (@, 0, ) clearly converges to the-stable distributiorSTLF, (a, 0, 0), for which
the fractional moments of order< « are well known and of the form

pla rl—p/a)

(1Xal?) = (maT (—e))* S22

, O<p<a, (6)

see, e.g.[18], or[14, p. 162]

In this subsection we address the question of dependence of the fractional mon&Fit§af:, 0, ) on scaling
parameter, for a fixedA. Recall that random variables involved here are positive and the absolute moments and
moments of the same order coincide.

Since theSTLF,(a, 0, A) distribution is concentrated on the positive half-line, it is more convenient to use its
Laplace transform instead of the Fourier transform. The former is given by the formula

ox, ) = (") = px, (—iu) = exp(ar*T (=) [(1+u/M)* - 1]),
so that

du

P o o
_—/[1—exp(ak T(—a)[(1+u/h) _1])]ul_+ﬂ’
0

X,|) =
(1Xal) rd-p
see[18]. Integrating by parts, and changing variables, we get

W PT(1—a) [ expareT(—a)lu — 1))
al’(1—p) (/e — 1)
1

(|Xa|p>= du, O<p<a. @)

2.1.1. Fractional-order moments in the case=1/2
Observe that only in the particular case= 1/2 the above formulas lead to explicit expressions. Indeed, in this
case,

2an20 /7 [ exp(—2an/Thlu — 1))
F'd-p) (u?—1yr
1

(1Xal?) = du, 0<p<1/2,

and the fractional moments &8fTLF;/2(a, 0, ) distribution, are

3\ V/4-p/2
(1Xal?) = 2a1/2+'0<;) exp2av/mA)K1j2—p(2av/h), 0<p<1/2, (8)

whereK, is the modified Bessel function of the second kind,[d4de p. 323, 2.3.5.4]Since,

Ko@) ~ %F(v)(%) . 20,
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see[1, 9.6.9] we obtain the following asymptotics for the momentsSaiLF,:

1/4—p/2
A 1 ra-2
(1Xal?) ~ 22220 = I1/2 - p)avmr)P 1?2 = (—aF(—l/Z))Z'OM, a—0,
T 2 rd—op
so, for a fixedx, at small-time scales, the moments structure of tI&TLF,, distribution is the same as that of
the 1/2-stable distribution, se).
Since

1/2
Ko@) = (%) (14 0(1/2)), 7 o0,
(see Erdély[3, vol. 2, p. 32), we have, for large time-scalas— oo, the asymptotics
(IXalp)Nap(ﬂ/k)p/Z, a—o00, 0<p<1/2
which gives the following logarithmic asymptotics for the fractional moments:

log(|X|?) ~ ploga +const  a — oc.

2.1.2. Fractional-order moments for genetgl0 <« < 1
We shall return now to the general case 6f @ < 1. Formula(7) can be rewritten in the form

rd—oa)ar®—" ooexp(a)\“F(—ot)[u —1D[ u—-1 ’Od
a]’*(l_ p) / (u— 1)P |:u1/oz _ 1:| u.

<|Xa|p)=

Function f () := (u — 1)/ % — 1) has the limitx for « — 1, and the limit 0 at: — oo, with the Taylor series
expansion around = 1 of the form

l-«
fwy=a—-— (u—1) +o([u—1]), )
and the expansion aroumd= co of the form
1 l-« 1
A Rt o el v +0<u1/a>' (10)
Therefore,

(1) For smalla, or, equivalently, larga /(aA*T (—«a)), expansior(10) applied to the integrand in

e ¢]

o CTED) oy /exp(—u)[ 1/ (@hT (o) T ”

X|P) =
X1} =a r(1—p) wr | (u/(@reT(—a)) + DYe —1
results in asymptotics

e ¢]

(1x17) = a» CLEDT; @ / exp(_u)[(akar(_a))w_l+0< 1 )Td”

T(1—p) uP ylea—1 ylja—1

pja (CT(=a)P/*T (1= p/a)
~da
Fa-p)
which again matches the moment behavior fordhgtable caséo).

, a—>0,0<p<a,
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(2) For largea, or, equivalently, smalk/(aA“T" (—a)), expansior(9) applies to yield asymptotics

(1X1P)~a?(TA—a))’2@ D a—o00, 0<p<a.

In conclusion, for each, 0 <« < 1, and each < «,

(p/a)loga + c1, asa— 0,
P\~
|09(|X| > { ploga + c2, asa — oo,

where constants; = log (—I'(—a))?/*T(1 — p/a)/T' (1 — p), andcz = plog(A* 1T (1 — @)).
2.2. Integer-order moments

For > 0, theSTLF,(a, 0, A) distribution has finite moments of any positive orgerthe fact crucial for their
application as models of the physical and economic phenomena (see, e.g., Mantegna and&jahtethis
subsection we will show how to explicitly calculate all the positive integer momen®TafF, (a, 0, ) by using
the theory of cumulants. This method will be applied in the case-efl, 2, and 3.

Recall that thecth cumulantof any random quantity is defined as the value at= 0 of thekth derivative of
the cumulant function of (the logarithm of the characteristic function 5j:

dk
cumi(Z) = (=) =Yz )| |
du u=0
see, e.g.[17].
In view of (5), the cumulants of ordér=1, 2, ..., of STLF,(a, O, 1) are given by the expression

cump(X,) =ar* *rk—a), k=12,....
For a random quantity the integer-order moments &f can be expressed in terms of its cumulants as follows:
(Z) =cumy(2),
(2%) = cuma(2) + [cuml(Z)]z,
(Z%) = cums(Z) + 3cumy(Z)cuma(Z) + [cumi(2) ],

(Z8) = cum(Z) + - + [eumy(2) ],

and so on.
For a fixedk, and largez, the term{cum1(X,)]* dominates. Hence we conclude that

log(|X,|*) ~ kloga +¢, asa — oo, (11)

wherec is a constant independent @f As we will see in Sectior this is the first evidence of the multiscaling
property of STLF, (a, 0, 1) flights, and reflects its large time-scale Gaussian (with drift) behavior.
For a fixedk, and as: — 0, the dominant term isum;(X,). Therefore

log(|X,[*) ~loga +¢, asa— 0.

At this time we are not providing an evaluation of theoretical fractional moments of grdex p < oc.
However, the method used in this Section can be extended to provide information about any fractional nonnegative
moment of ordep, producing the formula

log{|X|°) ~ { min(p/a, 1)loga +c1, asa — 0,

ploga + ca, asa — oo,
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which is also supported by our simulations in SectibriThere, we will simulate th&TLF, distribution and
calculate the behavior of lggX,|?) via a sampling procedure. In the special case 1/2, formula(8) remains
valid for any positiveo giving us complete information about the behavior of moments.

3. Fractional- and integer-order moments for symmetricSTLF, O < < 2
3.1. Fractional-order moments

As seen inSTLF, (at, p, 0) is which, in the symmetric cage= ¢ = 1/2, has the characteristic function of the
following simple form

exp(—tal"(—a) Cos(an/2)|u|°‘), O<a<?2

As seen in(3) and (4) in the case of symmetr8TLF, («, 1/2, 1) distribution the characteristic functian, (1) =
exp(¥x, (u)) has the cumulant function of the explicit form

al'(~a)2*[(1+ 45)*/? cosa arctariu/x) — 1], fora #1,

2 (12)
a(zx10g(1+ 43) — |u| arctar|ul/1)). fora =1,

Yx, (W) =

thereforeyx, is real-valued. In spite of this fact, it is hard to replicate for them direct calculations of asymptotics
of fractional moments used in Sectigdin the case of one-sided STLF distributions. So, to investigate the behavior
of absolute moments @TLF, (a, 1/2, ) we will have to be satisfied with just finding asymptotics for their upper
and lower bounds. The integer-order moment calculations are similar to those in Se2tion

The discussion it%‘jandix A SectionA.1 can be summarized as follows:

(p/a)loga + C1, fora — 0,
P\~
Iog<|X| ) { (p/2)loga + C2, fora — oo,

for some, independent af, constants”y, C».

Thus the asymptotic dependence of the log-fractional absolute moments @islbgear, both, for short and
large time-scales. As we shall see in Sectiofy for time-scales: — 0, a symmetricSTLF, flight converges to
thea-stable Lévy flight, and, for time-scales— oo, it converges to the increments of the Brownian motion. This
result gives the logarithmic asymptotics indicated above.

3.2. Integer-order moments

For STLFR,(a, 1/2, »), a # 1, the cumulant technique used in Secti permits only evaluation of absolute
moments of even ordes = 2n. Other moments can be obtained via the Central Limit Theorem as is done in
Sectiond. The calculations analogous to those of Secfidigive the following logarithmic asymptotics.

For a fixedk, and largez,

k k
log(| X, ") ~ > loga 4+ ¢, asa— oo,

wherec is a constant independent @f As we will see in Sectior this is the first evidence of the multiscaling
property ofSTLF,(a, O, A) flights, and reflects its large time-scale Gaussian (no drift) behavior.
For example, if 2 =4, then

(x%) = cuma(X) + 3[cum2(X)]°.


terdikgy
Note
'min' is missing
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Since, for any symmetric distributid®TLF, (a, 1/2, 1),
cumai (X) = ar® T (2k — ),

we have the asymptotidX4) ~ a2, asa — .
For smalla we have that

log(|X,|*) ~loga + ¢, asa— 0.

We conclude that there is no difference between the behavior of fractional and integer momentsigitéugye or
small.

4. Multiscaling of the smoothly truncated Lévy flight

Consider now th&TLF, flight X (1) = X,(¢) determined by cumulant function

1/fxa(z)(M|)»)=fa)»ar(—0!)|:l7(1+i%> +q<1—i§> —1],

see(l).
Our basic contention, grounded in moment calculations from Secti@msl 3 is that two different rescalings
of STLF, give two different behaviors for large and smadl: the rescaling

a X, (t) = Se(t), a— 0, (13)

where the convergenese is that of one-point distributions, gives the behavior oféhstable process, (¢), while
the rescaling

a Y2 (X,(t) — (Xa(1))) = B(t), a— o0, (14)

gives the behavior of the Brownian motion proc#ss).
We will argue this multiscaling statement by looking at the asymptotics of the logarithmic partition functions

log(|la Y X, (0)|") = _P loga + log(|X.(1)|”), a—0,
o
_L loga + L log(at) +c = L logt + c,
o o o
for p < «, where the behavior of the last term is known from Sectibasid 2 We concern here integer moments
only (it is enough for the CLT). The central moments of even ordets 2n) for any« € (0, 2] fulfills
logla™Y2(X.(t) — (Xa(0))") — glogt +e¢, a— oo,

and it is easy to see that the central moments of odd orders are eitherozerdl, €], symmetric case) arl/2—¢
in magnitude, ag — oo. Therefore Central Limit Theorem provides the limit distribution of

a Y2(Xa(t) — (Xa(®))),
it is Gaussian with mean zero and variance(Yarz)) « ¢ so that itsoth central moments of even orders grow like
tP/2,

Since the characteristic functions of the processes in question are analytic the convergence of the corresponding
logarithmic partition functions implies the convergence of processé3nand (14) A different approach to this
problem, in a more general contextteinpered stable processkas been announced by Riuski [12]. It is our
understanding that the full version of his results will be submitted for publication sooft, 3ee
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4.1. One-sided STLFHlights,0<a <1

For convenience let us introduce the multiscaling expomént such that the partition function is
(X2()) oct™).

Results of Sectio2 and the comments above immediately give that in the case of oneSidg flights, 0<
a<l,

log(| X, (1)|”) ~ 7(p) log(at) + const

where, fora — 0,

T(p) = min(ﬁ, 1),
o
and, fora — oo,

(p) = p.

The simulations provided below give information about this asymptotic behavior.

In Fig. 1we show the multiscaling exponentép) for STl (a, 0, 10~°) flights, for time-scale parameter values
a =0.0004, and 800, and the index= 1/2 (top) andx = 3/4 (bottom).

The “solid” lines represent the limiting Gaussian (with drift) case; the “dashed” lines correspond:tcthlele
processes. The “triangle-down” data points are obtainedg f8r800, using theoretical values of the moments.
The “triangle-up” data points are obtained by simulatiorSdi, (800, 0, 10-°) flights (the nontrivial simulation
procedure is described ifyppendix A and estimation of (p). The two “squares” points are obtained, o=
0.0004, by calculating the exact values of the moments of integer order. The “asterisk” data points are obtained by
simulation ofSTL, (0.0004 0, 10-°) flights and estimation of (o).

Additionally, in the casex = 1/2 (top), we are able to find numerically values of all fractional moments and
use this information to calculatgp). The “dash-point-dash” line correspondsate- 800, and “dotted” line cor-
responds ta = 0.0004.

For small time-scale parameter value- 0.0004, the behavior of the multiscaling expone(t), p < « is close
to that of thex-stable process; the smalletthe better the approximation.

If a =800, for the range op covered by our estimations, the situation is close to that for a Gaussian process
with drift.

Note that in the case = 1/2 the probability density is explicitly known and we have available exact numerical
evaluation of the fractional and integer order moments. So our estimatiatig oéire more accurate here. We used
them as a validation tool for our simulations.

4.2. Symmetric STLFlights,0 <o < 2

Results of Sectio® and comments at the beginning of this section give that in the case of sym®€trig
flights, O< « < 2,

log(| X4 ()|”) ~ 7(p) log(at) + const

where, fora — 0,

T(p) = min(ﬁ, 1),
a
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a=1/2 2=107

A e i SR S
: - | — Gaussian with drift :
— — o-stable
integer p, a=800
- theoretical ,a=800
simulations, a=800
: : : : : : integer p, a=.0004 :
e AT L U ] theoretical, a=.0004|. ... ... L
o : : : : . sample p, a=.0004 .

apild

*

0 I | | | | | [ | | [
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
P
a=3/4 2=10"
T T T T T T T T T T
o -
=
S A S A
............................... * k%
— — o stable
— Gaussian with drift
0.8 -t A TR .
: . : : : : Vv integer p, a=800
0.4 : . A o ©..........| & simulations, a=800 | |
' ; . . ; ; . O integer p, a=.0004
: : : : : * simulations, a=.0004 :
02 A RN o SRR AR e R SR T
0 I | | | | | | | | |
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

Fig. 1. The multiscaling exponentgp) for one-sidedSTLF, (a, O, 10*5), for time-scale parameter values= 0.0004, and 800, and the index
o =1/2 (top) andx = 3/4 (bottom).
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=32 2=0.01

— Gaussian
— — o-stabl L
V integer p a=800
FE 4 <4 T A simulations, a=800 H
O integer p,a=.0004
4 % simulations a=.0004
0 [ | | | | I I
0 05 1 15 2 25 3 35 4
P

08 -

: ‘ : . . — Gaussian
: : . : — — o-stabl
0.4_ """""" / """""" oot " """"" M
: : : : V integer p a=800
o2 - A& feee e e e e A simulations, a=800
: : : : : O integer p,a=.0004
s : : . : : % simulations a=.0004
0 [ | | [ [ I I
0 05 1 15 2 25 3 35 4

Fig. 2. The multiscaling exponentsp) for symmetricSTLF, (a, 1/2, 102y, for time-scale parameter values= 0.0004, and 800, and the
indexa = 3/2 (top) andx = 7/4 (bottom).
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and, fora — oo,

r(p)=§.

The simulations provided below give information about this asymptotic behavior for intermediate valuasaf
values ofp not accounted for above.

In Fig. 2we show the multiscaling exponentsp) for symmetricSTLR, (a, 1/2, 10~2) flights, for time-scale
parameter values = 0.0004, and 800, and the index= 3/2 (top) ande = 7/4 (bottom). The usage of special
lines in this figure is identical to that &fig. 1which was explained in Sectighl For small time-scale parameter
valuea = 0.0004, the behavior of the multiscaling exponeip), p < « is close to that of the:-stable process;
the smallerp the better the approximation.

If a =800, for the range op covered by our estimations, the situation is close to that for a Gaussian process
with no drift.

5. Discussion and conclusions

The heart of the theory af-stable distributions is their self-similarity which permits study of their properties
based on the characteristic and cumulant functions despite the fact that their densities are not known explicitly
in the general case. Koponen's generalization of Mantegna and Stanley’s truncation approach respects the spirit
of the original theory ofx-stable distributions: the nice analytic form of the characteristic function is preserved.
Further generalizations of Mantegna and Stanley’s truncation scheme, such as GTLF and EDLF, take us one step
further by truncating stable densities with multipliers permitting several parameters. This gives us better flexibility
in fitting experimental data while taking care of the problem of infinite second moments. Of course, the price of
such a flexible approach is that it takes us further away from the fundamental self-similar nature eftétide
distribution.

In this context, in addition to GTLF and EDLF, one can consider further possible generalization of STLFs that
do retain some self-similarity characteristics. Here is one possibility/lgty) = g() d9 be a finite measure on
[0, 2] andA () a positive function. Define the cumulant function

2

Uy () = / A(ﬁ)“@(w
0

%) dv, 15
) L (15)
wherey > 0 andf; € [0, 2] are real numbers. It is readily seen that puttiag= 0, A(0) = A(wr) =X, y =1, and
g(0) =aqdo, g() = apd; (3, is the Dirac measure), we obtain the cumulant function

Yx @ W) = ar’*[ pla(—u/A) + qla(u/1)],

of STLFR,(at, p, 1) as a particular case. Let us call the model based on forhG)ageneralized smoothly truncated
Lévy flights (GSTLF). The model is very flexible as it admits not only numerical parametéisandy, but also
functional parameters(:#) andg(¥). For practical purposes these functions can be chosen to depend on finitely
many parameters. Note that this method can be also robustly applied to GSTLF. For an even larger family of
generalizations, sqé2].

In this Letter we have shown that, for a one-si®&3d_F, (a, 0, 1) distribution, the moments of fractional positive
orderp has the asymptotics

o\ min(p/«, 1)loga + c1, asa — 0O,
|0g<|X| > {ploga+cz, asa — oo,
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and for the symms;iyistributioﬁTLFa (a,1/2,})

o\ . ) (p/@)loga + C1, fora—0,
|09(|X| > {(p/Z)Ioga+C2, fora — oc.

The consequence of these result is the multiscaling properties of the STFLs.
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Appendix A
A.1. Derivation of the scaling exponents for symmetric STI0< a < 2

Let us begin by recalling that for any random quangtywith characteristic functiopz (1), fractional moments
are given by the formula

T d
1Z1°) = c(p) f [1—Rey ()] =7 (A1)
where O< p < 2, and
_ C'(1+ p)sin(pr/2)
7-[ 9

c(p)
seg[16].

A1l ThecasB<ao <2, a#1
Denoted, = arctany and substitute the characteristic functipfu) = exp(y (1)), with ¥ (1) given by the first
formula in(12), into formula(A.1). In view of the symmetry of the distribution, for < «,

o
du
(1X1°) = 2c(p) / 1—exp(—ar“T'(—a)[1— 1+ u/1)%? coSaby/q)]) T (A.2)
0
Integration by parts, and change of variable- u /1, yields the following expression:
2 (0.¢]
(1x17)= 20 fyap / exp[—ar®T' (—a) (1 — (14 y%) cosed,)]
P )
x (149?71 (—a) (3 sin(a6,) — cos(a@v)) dy - (A.3)
y ’ Sy

Since the asymptotics of this integral, both, for small and large time-gcédedifficult to evaluate, we begin by
finding first upper and lower bounds for the integrands by using obvious inequalities

()1 = (14 y*)*/*cogaby))

M-a@-1< Ty 1

< —TI'(—a) cosar/2, (A.4)


terdikgy
Note
'min' is missing
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1 .
I(—a)(@—1) <T'(—a)( = sin(@by) — cogaby) | < —T'(—a) cosarn/2). (A.5)
y )

The upper bound. Applying right-hand sides of inequaliti€¢.4) and(A.5) to formula(A.3) we have

(1x1) < 2O s
P
[ o 2 2@/2-1 dy
x /exp[—ak I(—a)(@ —D((1+y°) = 1](1+y) (—F(—a)cos(om/Z))yp_l.
0
Denote

A= —2c(p)ar* PT(—a)cosan/2)/p,
b=alT(—a)(a —1)
and observe that, forQ o < 1, and, for 1< « < 2, constanb is positive. Thus we get that

dy A
Y1«

(1X1”)< A / exd —b((1+ yz)a/z _)ja+ y2)01/271

/ exp(—b(y — ) (%% — 1) "% dy
0 1
A [expbly—1)( y—1 \?
-5/ (#e1) @
1

(y—1r/2 \ y2e —

Now, function f(y) := (y — 1)/(y¥* — 1) can be expanded in power series aroung 1, andy = oo, in a
procedure similar to the one used in Sectymwith 1/« replaced by 2.
If a — 0, or, equivalentlyp — 0, then

o0

A Texp—by—1)/ y—1\"2 A [ exp—u) u/b p/2
14 - —
1X1) < a/ (o — 1072 (y%l) ~ba (u/b)ﬂ/“<<u/b+1>2/a—1) au
0

A Ooexp)(—u)<b2/°“1 ( 1
= o

=— + du ~ ibp/"r(l—p/a)
ba | (u/byrle \ y2/e-1 (u/b)2/ ba
0

ey 2sin(pm/2) coar/2)
— Ta(l—a)

(M(—e)(@ — 1) *T ()T (1 - p/a).
Therefore, there exists a positive constansuch that, for sufficiently smad,
log{| X|”) < L loga + c1.
o

If a - o0, or equivalentlyp — oo, andu/b — 0, then

A T exp—u) u/b r/2 A T exp—u) (a\"/?
( _1) du ~ ( ) du

P _ N - | =
XIS 5 | gy \ g+ 7 ba ) (/b \ 2
0 0

A (a_b)p/zr(l_ o/2) _ o2 28N /2) cosan /2) (Aazr(z— )

p/2
~ba\ 2 ra(l—a) 2 ) Ford=p/2).
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Therefore, there exists a positive constgnsuch that, for sufficiently large,
log(| X |”) < gloga + oo
The lower bounds. Here we proceed in a manner analogous to the estimates used to obtain the upper bounds but

employing the complementary inequalitieg/4) and (A.5) The details are omitted. The final result is that there
exist constantss andcs, independent o, such that, for small enough

log(|X1”) > L loga + c3
o
and, for sufficiently large time-scale paramater
log(|X|”) > g loga + ca.
A.1.2. Thecase =1
Note that the cumulant functiotrx, (1) in (12), for « = 1, is the limit of the cumulant functiongx, (1) as
a\( 1, a #1, and the same is true for the corresponding characteristic functions. Therefore, for<ahythe

integrand in(A.2) for « = 1 is the bounded limit of the integrands(ih.2) for o \( 1, « # 1. As aresult forx = 1
we get the asymptotics

Iog(|X|p)~{

for some, independent af constantss, Cy.

ploga + Cs, fora — 0,
(p/2)loga + C4, fora — oo,

A.2. Monte Carlo method for simulation of STLFs

For our simulations of STLF random variables we have used the series representations obtainetiski Rosi
[12]. In the one-side®TLF, (4, 0, A) case, with O< o < 1, the expansion is as follows:

00 NV oY
Ol)/J J7j
o a A

wherefu;} is a sequence of independent and identically distributed (iid) uniform random variables on the interval
(0,11, {e;} and{e}} sequences of iid exponential random variables with parameter 1yaade] + ... + e/j.
Additionally, the sequencel ;}, {¢;} and {e;.} must be independent of each other. The wedggands for the
operation of taking the minimum of two real numbers.

In the symmetriSTLF, (a, 1/2, 1) case the expansion is

1/

o0 AN~V eius
Z (04 J

j=1

where the additional sequenfag } sequence appearing here consists of independent random variables taking values
+1 with equal probabilities 12.

The STLF, (a, p, ») flight at an integer time =2, 3, ..., is simulated as a sum of iid copies of the same flight
attime 1.

In the one sided-case= 0, we choosé. = 10~°, anda = 0.0004 or= 800. In the symmetric case, we choose
A =102, anda = 0.0004 or= 800.

To obtain the multiscaling exponentp), we take into account the fact that, for small and largiee relationship
between IogXu (t)|'°> and logz, is nearly linear, choose times exponentially 1, 2, 22, ..., 2%, and estimate the
slope via linear regression.
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